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Conventional source identification methods for rotating machinery are generally formulated in
the frequency domain under the assumption of steady or quasi-steady sources, which limits their
ability to resolve temporally evolving source behaviour. Time-domain approaches such as the
rotating source identifier and virtual rotating arrays allow source localization at individual time
instances but are often inadequate for quantifying the evolving strength of unsteady rotating
sources. In this study, a time-domain inverse method is developed based on the integral solution
of the Ffowcs Williams-Hawkings equation with quadrupole source terms being neglected. An
equivalent source model is employed to establish a time-resolved mapping between measured
acoustic pressures and source strengths. A mixed-norm regularization scheme is introduced to
incorporate prior knowledge of the spatiotemporal characteristics of the source field, enabling
stable and accurate reconstruction of time-varying source strengths. The method is validated
through numerical simulations over a range of rotational speeds and signal-to-noise ratios, as
well as the rotor noise experiments of an unmanned aerial vehicle conducted in a semi-anechoic
chamber. The results demonstrate that the method can localize rotor noise sources, capture their
temporal evolution, and accurately predict radiated sound fields across a range of operating
conditions.

1. Introduction

Rotating machinery, such as rotors, propellers, and wind turbines, is a well-known source of aerodynamic noise due to the
complex, unsteady interactions between rotating components and the surrounding flow field [1-4]. Identifying and characterizing
such rotating noise sources is essential for both understanding underlying generation mechanisms and designing effective noise

mitigation strategies [5-7].

Traditional source identification methods for rotating systems are commonly formulated in the frequency domain and typically
assume steady or quasi-steady source behaviour [8-12]. These approaches have yielded useful insights into tonal and broadband
radiation mechanisms; however, their applicability is limited in scenarios where source strength and position exhibit significant
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temporal variability due to blade motion, structural deformation, or unsteady inflow conditions [13]. In particular, frequency-
domain formulations cannot adequately capture dynamically evolving sound-generation features, especially when multiple physical
processes act simultaneously and interact in a time-dependent manner.

Time-domain methods have been introduced to address these limitations. One widely adopted technique is the rotating source
identifier (ROSI) [14], which employs delay-and-sum beamforming based on a time-domain propagation model to identify rotating
sources from fixed-array measurements. This method has been successfully applied in a range of experimental studies involving
helicopters, wind turbines, and engine rotors [15-20]. Despite its robustness, the ROSI method exhibits limited performance when
handling high-speed rotation or strong Doppler effects, where increased sidelobe levels can degrade localization accuracy.

Extensions to the ROSI framework include deconvolution techniques and virtual rotating arrays [21,22], which interpolate
stationary-array data to emulate a rotating frame [23,24] and thereby enable the use of traditional reconstruction algorithms in a
quasi-stationary frame [25,26]. However, these techniques often impose geometric constraints, such as requiring coaxial array-source
configurations, and may still struggle with source quantification in the presence of multiple coherent emitters.

Meanwhile, efforts have been made to develop high-resolution source identification methods that integrate computational models
with time-resolved experimental data. For example, Casalino et al. [27,28] utilized CLEAN-SC beamforming on pressure signals
synthesized in the rotating frame using a frequency-domain Ffowcs Williams-Hawkings (FW-H) formulation, producing broadband
noise source maps in rotor simulations. Despite their potential, these methods depend heavily on preprocessing steps to remove
motion-induced fluctuations, and their applicability to real-time experimental diagnostics remains limited.

Time-domain inverse methods offer an alternative by establishing a direct relationship between the time histories of source
strength and measured acoustic pressures. To address the scattering effects in moving media, Wang et al. compared various numerical
methods [29-33] and proposed the convective time-domain equivalent source method to model these effects [34]. Under the
assumption of dipole-type radiation, several studies have proposed identification techniques based on simplified formulations of
the FW-H equation [35-37], often coupled with spatiotemporal regularization to reconstruct unsteady rotating force distributions.
These methods have shown promising results in both numerical and experimental settings, particularly for light and low-speed rotor
systems where monopole contributions are negligible.

However, for configurations involving thick blades, high rotational speeds, or elevated freestream velocities, monopole radiation
becomes increasingly significant. To account for this, Zhang et al. introduced a time-domain equivalent source method (ESM) based
on the monopole assumption and validated through experiments with rotating loudspeakers [38]. Nevertheless, such approaches can
face challenges in numerical stability and interpretability, due to the time-varying nature of the source-receiver transfer relationship
and the indirect connection between source integrals and physical source strength. Furthermore, it is important to note that for
rotating machinery mentioned, such as wind turbines or rotors, aerodynamic loading noise is often non-negligible or even dominant.

In the present study, we extend this work by developing a time-domain inverse method that concurrently accounts for monopole
and dipole source mechanisms, which we referred to as mixed-source spatio-temporal time-domain inverse method (MST-TDIM),
starting from the FW-H integral solution with quadrupole source terms being neglected. Our approach introduces a physically
interpretable mapping between acoustic pressure measurements and equivalent monopole source strengths by using an equivalent
source representation. The inversion framework incorporates mixed-norm regularization informed by prior knowledge of the
spatiotemporal behaviour of the sources, which enhances robustness in the presence of measurement noise and ill-conditioning.

The proposed formulation aims to achieve not only accurate localization but also time-resolved quantification of rotating source
strengths, offering clearer physical insights into source evolution. The methodology is validated through numerical simulations
across varying rotation speeds and signal-to-noise ratios, and through the rotor noise experiments of an unmanned aerial vehicle
conducted in a semi-anechoic chamber. These results demonstrate the feasibility of the approach for real-time acoustic diagnostics
of rotating systems, and lay the foundation for future applications in aeroacoustic design and control.

The remainder of the paper is organized as follows. In Section 2, the governing equations are derived from the integral
formulation of the FW-H equation with quadrupole source terms being neglected, and a time-domain inverse model is constructed
based on an equivalent source representation. The mixed-norm regularization framework used to stabilize the inversion is also
introduced. Section 3 presents numerical evaluations involving rotating monopole and dipole sources under varying rotational
speeds and signal-to-noise ratios , as thickness noise and loading noise constitute the dominant sources of subsonic rotor noise. The
method’s performance is assessed in terms of source strength reconstruction, spatial localization, and far-field sound prediction.
Section 4 presents experimental results from rotor noise of an unmanned aerial vehicle in a semi-anechoic chamber, validating
the method under controlled but realistic acoustic conditions. Section 5 concludes the paper by summarizing the key findings and
discusses future directions, including the extension of the framework to supersonic regimes and the treatment of more complex
source dynamics.

2. Theoretical foundation
2.1. Aeroacoustic framework

Predicting sound generated by unsteady, compressible flows in the presence of solid boundaries remains a foundational problem
in aeroacoustics. Lighthill’s acoustic analogy [39] reformulates the compressible Navier-Stokes (NS) equations into a wave equation,
enabling the study of aerodynamic noise as a perturbation problem. The FW-H equation [40] extends this framework to incorporate
arbitrary boundary motion, thus providing a general method for sound prediction in configurations involving complex geometries
and moving surfaces.
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The compressible NS equations in Cartesian coordinates describe the conservation of mass and momentum in a viscous fluid [41]:
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where p is the density and u; are the fluid velocity components. The stress tensor, p;; = pd;;—7;;, consists of the pressure term p and the
viscous stress tensor z;;, which is defined as 7;; = u(du;/9x; +0u; /dx; — (2/3)(duy. /9x,)5;;), with u representing the dynamic viscosity.

Assuming a quiescent background medium of constant density p, and sound speed ¢, Lighthill [39] derived the inhomogeneous
wave equation for the density perturbation p’ = p — py:

2
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where the Lighthill stress tensor is defined as T;; = puu; + (p - cgp)é,.j — 7;;.- The speed of sound c, is related to the isentropic
compressibility of the medium by cé = (0p/dp),, where the derivative is taken at constant entropy s, reflecting the assumption of
small, adiabatic, and reversible perturbations. Under these conditions, the pressure fluctuation is approximated by:

P=cr. 3)

Eq. (2) characterizes wave propagation in a homogeneous, unbounded medium and does not incorporate the effects of
solid boundaries. To address this limitation, Ffowcs Williams and Hawkings [42] proposed a surface-based formulation utilizing
generalized functions. Let f(x,f) = 0 define a time-dependent surface enclosing the acoustic sources. To eliminate ambiguity, we
assume that f is a signed distance function, which ensures a unique value at each point (x,7) and satisfies the eikonal equation
|V f| = 1. The Heaviside function H(f) and the Dirac delta function 5(f) then serve to partition the domain into volume and surface
contributions, respectively.

Applying the wave operator to p' H(f) and using distributional calculus and in conjunction with Eq. (3), the FW-H equation
takes the form:

(i‘)—2 - vz) WH = —2— [1,1)] - 2 [F6)] + 2 150 “@
2 o ax;0x; 1 ox, U ot ’
where the surface source terms are F; = [pu;(u; —v;)+p;;1n; and g = (pu; — p'v )n;, respectively. Here, v; is the velocity of the moving
surface, and n; is the outward normal vector to the surface f = 0.

Acoustic sources may be classified, in a multipole sense [43], into monopoles, dipoles and quadrupoles. The monopole represents
a net volumetric source, such as mass injection or displacement; the dipole corresponds to an unsteady force acting on the fluid; and
the quadrupole arises from the interaction of fluctuating stresses. In this context, Eq. (4) extends Lighthill’s analogy by incorporating
all three source mechanisms: g, representing monopole contributions due to volumetric changes; F;, capturing dipole effects from
surface loading; and T;;, describing quadrupole sources originating from turbulence. This formulation thus provides a unified
representation of sound generation in flows involving both turbulence and moving boundaries.

2.2. Integral solution of FW-H equation

The FW-H equation, given in Eq. (4), provides a generalized framework for predicting sound radiation from unsteady,
compressible flows in the presence of arbitrarily moving surfaces [42]. In many aeroacoustic applications of practical relevance,
particularly those involving rotating machinery operating at low Mach numbers such as axial cooling fans or marine propellers,
the radiated sound may arise from a combination of monopole and dipole mechanisms, and in some configurations the dipole
contribution can even become dominant. The monopole source is represented by the time derivative d[¢5(f)]/ot in Eq. (4), and
accounts for volumetric displacement effects associated with the motion of the surface. The dipole source is represented by the
divergence term —d[F; §(f)]/0x;, and describes sound generation due to unsteady aerodynamic loading, including fluctuating surface
pressure and shear stresses on the control surface, providing a more complete representation of the rotor acoustic field. The governing
equation for the rotor acoustic pressure perturbation is given by:

1 0% YR 0 0
L _ H(f)] == -2 [F, !
(Cé o \ ) [P H() Y [a.08(f(y.0)] o, [Fi(y.08(f(.0)]. (5)
where H () is the Heaviside function associated with the exterior of the moving surface, and f(y,t) = 0 implicitly defines the surface
location in spacetime.

The solution to Eq. (5) is obtained using the Green’s function corresponding to the free-space wave operator. The fundamental
solution G(x,t;y, r) satisfies

2
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and takes the form
1 R .
G(x,t;y,r):—&(t—r——), with R=|x-y|, )
4rR c



Y. Xu et al. Mechanical Systems and Signal Processing 250 (2026) 114146

where R denotes the Euclidean distance between the field point x and the source point y.
Substituting the Green’s function into the formal integral solution yields the following representation:

+o0
P nH(f) = / / G(x,1,y,7) [ Ly o570 )
(8)

d
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where d2 denotes the volume element in three-dimensional space. The function f(y, r) implicitly defines the moving surface S(z),
such that the zero level set f(y,r) = 0 identifies its instantaneous location at emission time z. The Dirac delta function enforces this
condition within the integration, effectively reducing the volume integral over R? to a surface integral over S(r) that evolves with
time.

To facilitate analytical development of the integral representation in Eq. (8), integrations by parts are performed with respect
to both the temporal variable r and the spatial variable y. These operations are justified under the standard assumption that the
products ¢(y,7) G(x,t;y,7) 8[ f(y,7)] and F;(y,7) G(x,t;y,7) 6[f(y,7)] vanish sufficiently rapidly as r — +o0 and on the boundary of
the spatial integration domain, such that boundary contributions may be neglected. Applying the temporal distribution identity,

+00 +oo
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and similarly, by integration by parts with respect to the spatial variable y,, fR3 Go [F,- 5(f )] /0y; dQ2 = — fR3 (0G/ay;) F; 6(f)de2,
transforms the integrals into the following alternative expression
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This formulation is advantageous in the subsequent transformation of the spatial volume integral into a surface integral, by
allowing the application of distributional identities for delta functions supported on moving manifolds in space-time.

When the function f(y,z) is selected to be a signed distance function, it satisfies |Vf(y,7)| = 1 by definition. This ensures
that the surface is well-defined and uniquely described at each instant in space and time. Applying the standard identity for the
Dirac delta function supported on a time-dependent surface, the volume integral over R*> may be converted into a surface integral
over the instantaneous surface S(r), which is implicitly defined by the zero level set condition f(y,7r) = 0. Specifically, we write
S(r) = { y eR3 | fly,7) = 0} . Given that |V f| = 1, the transformation reduces the integration to:
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Y5y 7) 3 Y )q(y.r)
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This formulation allows the time-dependent geometry of the moving surface to be treated within a fixed spatial domain, thereby
recasting volumetric integrals as surface integrals that evolve in time.

Substituting the explicit form of the Green’s function, given in Eq. (7), into Eq. (10):
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where R = (x — y)/R and we obtain:
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To evaluate the delta function in Eq. (13), we define:

_ Ix—y(f)l’ a4
€
whose root ¢ = 7, corresponds to the retarded time. Then, using the standard identity for delta functions (g, (r)) = 6(zr —
7,)/10g, /07, . with
7]

B 1M -R=1-M,, (15)
at
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where M = dy/(cydr) is the local Mach vector. Inserting this into Eq. (13), the integral becomes
PLnH(S)
1 0 / q(», 7,) s

T4x ot [, RO-Mp) 16)
1 F(y,7,) R, Js 1 9 Fi(y,7,)R; s,
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In the evaluation of expression, given in Eq. (16), it is convenient to first note that the observer location x is assumed to lie in the
exterior acoustic domain, outside the moving surface defined by f(y,7) = 0. As a result, the Heaviside function H(f) is identically
unity throughout the region of interest, and may therefore be omitted from subsequent formulations of the acoustic pressure.

To proceed analytically, the surface integral in Eq. (16) is projected onto a fixed spatial surface S, whereby the source position y
is expressed explicitly as a function of the retarded time 7, in accordance with the radiation condition |x — y(z)| = ¢(r —7) [43]. This
change of variables permits the interchange of the temporal derivative and surface integration. By applying the chain-rule identity
given in Eq. (15), the integral may then be recast as a time derivative evaluated on the surface S. Specifically, this yields

px,n
L 4 _ 9 %4_ q oMp as
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where ¢ = dq/d7 and F; = dF,/dr denotes the local time derivative of the source term. The required time derivatives of the geometric
and kinematic quantities are given by:

IR oMy (18)
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Substituting Eqs. (18) and (19) into the expression for p/(x,7) yields the compact form
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which describes the acoustic pressure radiated by combined time-dependent monopole and dipole source distributions convected
by a moving surface. The first term captures the local temporal variation of the source, while the second and third terms arise
from convective effects due to the source motion relative to the observer. The remaining terms represent the dipole contribution,
describing sound radiation due to unsteady aerodynamic loading on the surface. The first dipole term is associated with the local
temporal variation of the loading, the second term reflects convection of the loading by the moving surface, and the last two terms
arise from acceleration and convective amplification effects.

2.3. Time-domain inversion for rotating acoustic sources

The surface integral in Eq. (20) is generally intractable in closed form due to the geometric complexity of the source region and
the dependence on retarded time. For numerical implementation, the continuous distribution of monopole and dipole sources are
replaced by a finite set of discrete sources [44], which transforms the integral formulation into a linear system of equations [45].
The aim of the inverse procedure is to estimate a vector of source strengths that best fits the measured acoustic pressure in a
least-squares sense. To this end, the blade planform is discretized into N equivalent source locations, as shown in Fig. 1. These
locations, indicated by solid circles, define the spatial support of the equivalent monopole sources and dipole sources and provide
the framework for constructing the forward and inverse models.
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X1 Equivalent source

(b)

Fig. 1. (a) Geometric description of the rotor planform showing the rotating blades, with x;, x,, and x; denoting the coordinate axes and M the
rotational Mach number. (b) Equivalent discrete source representation of the rotor surface, where the continuous monopole source distribution
is replaced by N equivalent point sources (solid circles) arranged on concentric rings around the hub. These equivalent sources form the spatial
basis for constructing the forward acoustic model and for estimating source strengths in the inverse problem.

In the present formulation, the sound field produced by rotating sources is represented by a distribution of N equivalent sources,
each located at a prescribed position on the discretized source surface. Upon discretizing the surface integrals in Eq. (20), a linear
relationship is established between the time-dependent strengths of the equivalent sources and the resulting acoustic pressure at the
observer location. The discretized expression for the radiated pressure field takes the form

N .

/ 1 qn
P =— S E—
ax {gl [R (l—M .R,,)z

(21)

[n M, ]+i[ M Rn()(fni-

Mn Rn)

o [(1-1M, %) (F,R,)
+§{[ R(1-M,-R,)’ ] }

where the subscript n denotes the nth equivalent source. Here, g, is the source strength and ¢, its time derivative evaluated at the
source time. The vector y, specifies the source location, and R, = |x —y,| is the distance from the source to the observer. The
unit vector R, = (x —y,)/R, defines the source-to-observer direction. The Mach vector M, and its time derivative M, are likewise
evaluated at the retarded time z,. The subscript “e” indicates that all quantities within the brackets are to be evaluated at this
retarded time.

In practical applications, acoustic pressure measurements are available only at discrete time instances. Accordingly, the
observation time is discretized as

*F =l (k-DaA, k=1,2,...,K, (22)

where A denotes the temporal sampling interval and K is the total number of sampling points. Following the same approach, the
source time is discretized such that

d=¢'+(-Dar, 1=12,... L (23)
To correlate the source emission times with the observation times, the following retarded-time relation is employed
R
T:f =k 24)
c

As 7* generally does not coincide with the discretized source times 7/, interpolation is required to evaluate the source strength and
its time derivative at arbitrary emission times. A first-order Lagrange interpolation is adopted, such that:

L
=X 2 %l (k) g,

I=1

L
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where ¢/, is the strength of the nth source at time </, Fn’i denotes the ith component of the corresponding dipole source strength at

the same time, and ¢/(z) is the interpolation kernel defined by:
(r=7NH/a, - M<r<7,
d@=1a@* -0/, o <<,
0, otherwise,
and its derivative is given by:
o 1/41, <z <7,
T
% =q-1/4t, 7' <7<,
0, otherwise.

(26)

27)

Substituting the interpolated source strengths into the discrete acoustic pressure formulation Eq. (21) yields a linear system,

given by
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where all source-dependent quantities are evaluated at the corresponding retarded times z*.
For notational compactness, the kernel function is defined as:

ol (k) M, R

(. k 1 n n Ry (. k
g, (7)) = . + — (7))
n\"n Rn (1 —Mn 'Rn)2 or 3 n

L (M, R,-|M,*)
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and the kernel function associated with the dipole term is given by the expression
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T
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The discrete acoustic pressure can be expressed compactly as:

N k
P (i) = Y N[el () et nly (55) £
n=1I=1

Further, Eq. (31) is written in the following matrix form:

Pt = g%l 4 g% + e+ g 4 e+ g
+h'"Fl 4 R F2 4o 4 R 4 pRRFR

where

F' = [Flll (T{c) F11v1 (T;(v) F]I2 (Tf)
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(28)

(29)

(30)

B

(32)

(33)

(34

The superscript T denotes the transpose of a matrix. Assuming that the measurement array contains Q measurement points, Eq. (32)

is applied to each measurement point and the following extended matrix equation is obtained:
PK = G'¥q' + G*q® + - + G'*q + - + G g
+H'"F' + H*F? + - + H*F' + - + H*F¥,

(35)
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where

Po= [ (en) (st o 0 (xpt) o (x0t) | 36)
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- (gl ) (gz ) (gq ) <gQ> :

H'* = 1\ T 1k\T w\T i\’ ! (38)
= (hl ) (h2 ) (hq ) (hQ) .

Eq. (35) is further applied to all time steps and the following matrix equation is obtained:
P=AX, (39)

where the augmented system matrix and unknown vector are defined as
ad o o Ead Q
a=le u|. x=|2| (40)
F
Eq. (39) represents a linear system that relates the equivalent source strengths at all source time steps (N X K source strengths)
and the measured sound pressures at all observation time steps (Q x K measured sound pressures). Then, the equivalent source
strengths on the rotating sources plane for all source time steps can be computed from the sampled values of the acoustic pressure
at the measurement points by inverting Eq. (39) as:

ad Ead +
X = <A> P. (41
However, the inverse of matrix A is often ill-conditioned due to the measurement geometry and the properties of the
operator itself, e.g., strong column correlation and rapidly decaying singular values [45,46]. To stabilize the solution, spatiotemporal
regularization with a mixed norm is introduced into the source identification framework:
: B
L HAIXIG 42)

X =argmin|P- A

X

where || X ||i 5 is the spatiotemporal regularization term with a mixed norm. The coefficients « and § are the norm parameters
corresponding to space and time, respectively. Their selection depends on the prior knowledge of the spatial and temporal
characteristics of the target acoustic signal. The regularization parameter 1 is selected automatically using the L-curve criterion [47].
The spatiotemporal regularization term with a mixed norm is defined as:
K /N :
nm@=2<2uﬁ>, 43)
k=1 \n=1
where k denotes the kth sound source, and »n denotes the nth time step. Since the minimization problem involving the regularization
term admits an explicit solution, Eq. (42) can be solved using the generalized iterative reweighted least squargs algorithm [48,49].

This approach transforms the mixed-norm formulation into an /, norm form by converting | X ||Z s into |WX ||§, resulting in:

o o2 o2
X =argmin|P — AX| +4 HWX R (44)
X 2 2
where W is a diagonal matrix:
W = diag <\/Wn’;wk> _ : (45)

where i =0 corresponds to the monopole coefficient g¥, and i = 1,2,3 correspond to the three components of the dipole coefficient
F¥ and
ni

a—

2
PR 1251 B b o1 “6)
" €472, otherwise,
X e ﬂ/a*I k T® 5
W{ e o), = )
(e2)P/a1, otherwise.

To prevent the weight values Wn’j and W* from approaching infinity, a small positive constant ¢ is added in Eqgs. (46) and (47).
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The explicit solution of Eq. (44) can be written in the following form:
- SHo o\ l'oHo
X = <A A+ /1W> A P, (48)

i g S Hooo . . . . .
where the symbol “H” means the Hermitian transpose, W = W W. Since the computation of the weight matrix W requires
knowledge of the value of X j,‘[, which means that the optimal solution to the minimization problem in Eq. (48) must be obtained
through an iterative process:

i [He  eG-D\ T oHo
X =(A A+IW A P, (49

~ o (s=1)
where s denotes the iteration number; X ® represents the solution at the s-th iteration; W denotes the weight matrix at the

. . . . > (s—1 . .
(s-1)-th iteration, which is composed of the reconstructed source strength X =D from the (s-1)-th iteration.
e . () . . . . . s .
The initial solution X of the iterative process can be estimated using standard Tikhonov regularization [50], which has an
explicit solution and corresponds to a = 2, f = 2, i.e.

o oo)? o2
X9 = argmin ||P — AX| + 1 ”WX . (50)
X 2 2
The functional at the s-th iteration is:
o N o G-D_ |2
J (X“)) - ”P —AXOY 4w x© (51)
2 2

Accordingly, the relative variation § of the functional J between two successive generations can be expressed as:

~()
s=11- ﬂ , (52)
Nt

when the relative change § is less than or equal to the given tolerance, or the algorithm reaches the maximum number of iterations,
the iterative process terminates.

The mixed-norm spatiotemporal regularization technique is highly flexible, allowing various source distributions and different
excitation signals to be handled within a unified framework. In practical applications, since the distribution of rotating noise sources
is unknown, finding suitable values for « and g is not straightforward. Empirically, if the sources are spatially concentrated, choosing
a < 1 promotes sparsity in the solution [49,51]; if the source strength signals are continuous over the considered time duration,
setting f = 2 is reasonable.

3. Numerical assessment
3.1. Simulation setup

To evaluate the accuracy and robustness of the proposed time-domain inverse method, numerical simulations are performed
with rotating monopole and dipole sources serving as benchmark cases. The analysis addresses three principal objectives: the
real-time localization of the rotating source, the reconstruction of its time-varying strength, and the prediction of the resulting
acoustic field. The method is tested under varying rotational speeds (1000 rpm, 3000 rpm, and 5000 rpm) and signal-to-noise ratio
(SNR) conditions ranging from 0 to 30 dB. The details of the simulation setup, including spatial discretization and the configuration
of the computational domain, are illustrated in Fig. 2.

The simulation configuration employs a planar measurement array composed of 90 sensors located on the plane x; = 0.02 m.
The array is arranged in three concentric circular rings of radii 0.1 m, 0.2 m, and 0.3 m, each containing thirty uniformly spaced
sensors, thereby ensuring adequate spatial sampling of the acoustic field. To model the radiating source distribution, 30 equivalent
sources are placed on the x; = 0 m plane within the source region. These sources are uniformly distributed across three circular
rings of the same radii as the measurement array (ten sources per ring), and rotate synchronously with the actual sound sources to
emulate their radiation characteristics.

Four rotating sources, denoted S1, S2, F, and F,, are positioned at (0.2,0,0), (-0.2,0,0) m, (0.2,0,0) and (-0.2,0,0) m, and
coincide with four of the equivalent source locations. To assess the predictive capability of the inverse method, four monitoring
points, labelled M1 to M4, are placed at

(0.3,0,0.01) m, (0,0.3,0.01) m, (—0.3,0,0.01) m, (0,-0.3,0.01) m.

These points are located between the source plane and the measurement plane, and serve as validation probes for reconstructed
pressure fields.

Reconstruction proceeds by using the acoustic pressure signals recorded at the measurement array to infer the time-dependent
strengths of all equivalent sources via the proposed inverse method. These estimated source strengths are then used as inputs to a
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Fig. 2. Geometric configuration used in the numerical simulations. The rotating monopole sources are represented by equivalent source points
(solid circles) distributed on concentric rings around the origin O, with .S| and .S, denoting representative source locations. Dipole sources F, and
F, are also considered and are collocated with the corresponding monopole sources at .S, and .S,, respectively. Measurement points (triangles)
are arranged on three concentric rings to capture the acoustic field; each ring contains 30 measurement points, i.e, points in total, but for clarity
only 15 points per ring, i.e, 45 points in total are shown. The remaining points are uniformly distributed on the same rings. Prediction points,
denoted by stars, are placed outside the source region to evaluate reconstruction accuracy. The coordinate system (x,, x,, x;) and the rotational

Mach number M are also indicated.

forward acoustic model to compute the sound pressure at arbitrary field locations, including the prediction points. The reconstructed
pressure field can thus be directly compared against simulated reference measurements to quantify accuracy. The overall simulation
framework is designed to balance spatial sampling requirements, equivalent source modelling, and validation capabilities, thereby
enabling a comprehensive evaluation of the inversion algorithm’s performance.

3.2. Results at different rotational speeds

In order to analyse the performance of the proposed time-domain inverse method under different rotational speeds, three
simulation cases are defined, where the rotational speeds of the sources are set to 1000 rpm, 3000 rpm, and 5000 rpm for Cases 1, 2,
and 3, respectively. For the two rotating monopole sources, their source strength signals are defined as .S| = A sin(2x f(1 —(7; —d7)))
and S, = A sin2z f,(1 — (r; — dr))) , and two dipole sources strength signals F, and F, are defined as

F, =Fp sin(27zfx€),
F,=F, cos<27rfs0 + ¢), (53)

Fu=F, cos<27rf:6') exp(— [1000 — 0.512) .

F, = F, sin(27rfst9 + ¢),

1F,=F, cos(27r fSO), (54)

Fp=F, cos(Z:rfﬁ) exp(—= 1000 — 0.512)

Where A, B denote the amplitude and f; is the signal frequency. We define 6 = (1 —(z; —dr)). The time delay z; = | —r;,/c, where
Fmin Tepresents the minimum distance between the equivalent source surface and the measurement surface, and c is the speed of
sound. The specific parameter values are given as A = 0.001 Pa, F;, = 0.02 N, F;, = 0.01 N, f;, = 1000 Hz, ¢ = 7, ¢, = 343 m/s.
All cases are sampled at 12.8 kHz. To emulate realistic measurement noise, Gaussian white noise with a SNR of 30 dB is added to
the simulated pressure data.

Based on the above simulation setup and the prescribed time-varying source strength signals, the radiated sound pressure from
the rotating sources (used as input) can be calculated using Eq. (39). Furthermore, the prescribed time-varying source strength
serves as a reference to evaluate the accuracy of the proposed method in reconstructing the source strength signals. Using these

10
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Fig. 3. Reconstructed and reference source strengths in Case 1 (1000 rpm). (a)-(c) Dipole source components F,,, F,,, and F,;(d) monopole

source strength S,. (e)—(g) Dipole source components Fy,, F,,, and F,; at source S,; (h) monopole source strength S,. The figure illustrates the
accuracy of the proposed time domain inverse method at the lowest tested rotational speed.

given signals, the theoretical sound pressure on the prediction surface can also be computed via Eq. (39), providing a benchmark
for assessing the method’s sound field prediction capability. To simulate real-world conditions, Gaussian white noise with a SNR
of 30 dB is added to the radiated sound pressure signals. Here, SNR is defined as the ratio of the target sound signal power to the
noise power, i.e.,

PS'
SNR = 10logj 5 (55)

n

where P; is the target signal power; P, is the noise power.

Accuracy of source strength reconstruction. Figs. 3-5 present the time histories of the reconstructed source strength signals, obtained
using Eq. (49) at three different rotational speeds and compared with their theoretical counterparts. It is seen that the reconstructed
source strength signals for the two unsteady rotating sources agree well with the reference ones during the entire time period
for all three speed cases, confirming the effectiveness of the proposed time-domain inverse method based on the Farassat integral
form of the FW-H equation. This agreement demonstrates the method’s capability to capture the dynamics of rotating sources with
time-varying strengths across different rotational speeds.

Source localization capability. The proposed method also enables accurate spatial localization of rotating sources. First, Eq. (41)
is applied to the measured data at each time step to reconstruct the equivalent source strengths. Then, the reconstructed source
strengths are mapped onto the actual source space to obtain the source strength distribution at each time instant. To clearly display
the localization results of the rotating sources, Figs. 6-8 present the spatial distribution of all equivalent source strengths at four
different time steps under different rotational speed conditions. The white squares in the figures represent the actual positions of
the two rotating sources, while the red regions highlight areas with high equivalent source strength. From the spatial distribution
results, it is evident that the equivalent source strengths reconstructed by the proposed method are highly concentrated in space
and exhibit peaks at the actual source locations. This indicates that the method not only reconstructs the source strength accurately
but also achieves precise spatial localization, greatly enhancing the ability to identify and monitor noise sources.

Sound field prediction performance. Beyond localization, the reconstructed source strengths can be used to predict the sound field.
Specifically, the equivalent source strengths are first obtained at each time step using the ESM. These reconstructed source strength

11
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Fig. 4. Reconstructed and reference source strengths in Case 2 (3000 rpm). (a)-(c) Dipole source components F,,, F,,, and F,;; (d) monopole
source strength S,. (e)—(g) Dipole source components Fy,, F,,, and F,; at source S,; (h) monopole source strength S,. The figure illustrates the
accuracy of the proposed time domain inverse method at the intermediate rotational speed.

signals, along with the spatial relationships (including distance and angle) between the prediction points and the equivalent source
points, are used to calculate the sound pressure at the prediction points using Eq. (39). This process allows for an accurate simulation
of the source radiation effects and the prediction of the sound field changes at different locations.

Figs. 9-11 show the comparison results between the reconstructed source strength signals and theoretical sound fields at
different prediction points. As shown, the predicted sound pressures closely match the theoretical values, confirming that the
reconstructed source signals can accurately capture the temporal variations of the sound field. This demonstrates that the proposed
reconstruction method remains effective even under dynamically changing source conditions, providing results consistent with
theoretical predictions. The validation highlights not only the accuracy of the reconstructed source strengths but also the method’s
potential for high-precision sound field prediction, particularly in scenarios involving rotating sources.

3.3. Robustness under noisy conditions

To further evaluate the robustness of the proposed method under realistic measurement conditions, additional simulations are
conducted by introducing Gaussian white noise with different SNRs. To quantify the reconstruction accuracy, the phase evaluation
factor E, and the amplitude evaluation factor E, are adopted as accuracy/error indicators, defined as follows:

|o}0..
E,= : (56)
(Q1,Qu) (€1.0vc)

\\/Q&ch - \/oloy|

E = . (57)

’ Joro..

Here the superscript “T” denotes the transpose of matrix; Qg4 and Q.. are the theoretical and reconstructed source strength,
respectively; E, indicates the phase similarity that should tend to 1, and E, indicates the amplitude difference that should tend
to 0.
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steps: (a) 75, (b) 7,5, (¢) 735, and (d) 7. The colour scale shows the reconstructed equivalent source strength eq in arbitrary units.
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Fig. 8. Spatial localization results in Case 3 (5000 rpm). Distribution of reconstructed equivalent source strengths at four representative time
steps: (a) 77, (b) 7,5, (¢) 735, and (d) 7,. The colour scale shows the reconstructed equivalent source strength deq in arbitrary units.

In practical usage of the inversion method, high background noise means lower reconstruction accuracy. Therefore, the
convergence characteristics of the proposed time-domain method are examined by evaluating the accuracy indicators across different
SNR levels. For comparison, a conventional Tikhonov-regularized inversion is implemented as a baseline. Fig. 12 shows the accuracy
indicators of the presented methods in reconstructing the source signals at signal-to-noise ratios ranging from 0 dB to 30 dB. It can
be observed that as the SNR decreases, the influences of noise on both the phase and amplitude indicators are slight. The phase
indicators remain close to 1 and the amplitude indicators remain close to 0, indicating that the proposed method achieves accurate

and robust reconstruction in noisy environments and consistently outperforms the Tikhonov baseline, especially at low SNR levels.
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Fig. 9. Comparison of predicted and reference sound pressures at four prediction points in Case 1 (1000 rpm). (a) M1 at (0.3, 0, 0.01) m; (b)
M2 at (0, 0.3, 0.01) m; (c) M3 at (-0.3, 0, 0.01) m; (d) M4 at (0, —0.3, 0.01) m.
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Fig. 10. Comparison of predicted and reference sound pressures at four prediction points in Case 2 (3000 rpm). (a) M1 at (0.3, 0, 0.01) m; (b)
M2 at (0, 0.3, 0.01) m; (¢) M3 at (0.3, 0, 0.01) m; (d) M4 at (0, —0.3, 0.01) m.

4. Experimental evaluation
4.1. Experimental setup

Small UAV rotor experiments were carried out in a certified semi-anechoic chamber at Hefei University of Technology’s Acoustics
Research Facility to examine the localization accuracy and quantitative performance of the proposed time-domain method for
unsteady rotating sound sources. The anechoic chamber provides an effective testing space of 8.5 m (L) x 7.6 m (W) x 5.5 m
(H), with walls lined with FAIST’s latest broadband composite acoustic absorbers. The chamber maintains a background noise level
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Fig. 12. Accuracy indicators across different SNR levels for the proposed time-domain method with mixed-norm regularization and conventional
Tikhonov regularization.(a) Phase evaluation factor E, which approaches 1 for high phase similarity;(b) Amplitude evaluation factor E,, which

approaches 0 for low amplitude error.

below 18 dB(A) and achieves a low-frequency cutoff of 63 Hz. As shown in Fig. 13, this facility provides a controlled environment
well-suited for sound source identification and control research.

The experimental setup is shown in Fig. 14. An UAV carbon-fibre rotor was employed. The rotor diameter was 0.4 m, the blade
thickness was approximately 0.001 m, and the blade chord at 80% of the tip radius was 0.025 m. The rotor was driven by a low-noise
direct-current brushless motor. A laser speedometer was used to measure the rotational speed, which was 999 rpm, corresponding
to a tip Mach number of 0.0615.

During the acoustic-field measurements, as shown in Fig. 15, the rotor plane was carefully aligned to ensure that its rotation
centre was at the same height as the centre of the microphone array. A global Cartesian coordinate system was established with the
rotation centre of the rotor plane as the origin, where the positive x;-axis points toward the measurement array and the positive
x,-axis is defined as the vertical upward direction. To characterize the radiated sound field, the rotor plane was discretized into 30
equivalent source points. These sources were uniformly distributed on three concentric rings with radii of 0.1 m, 0.2 m, and 0.3 m,
respectively, with 10 source points on each ring, and were assumed to rotate synchronously with the rotor.

The acoustic measurements were performed using a double-ring microphone array comprising 60 omnidirectional microphones
(BSWA MPA 451) in total (30 x 2), with an array diameter of 0.5 m. The two microphone rings were positioned at axial distances
of 0.02 m and 0.04 m from the rotor disc. Consequently, a total of 60 sampling points were obtained, as shown in Fig. 15. To
ensure consistent acoustic conditions between the two measurements, the pulse signal recorded by the laser tachometer was used as
the trigger to synchronize the data acquisition system. A M'"uller-BBM data acquisition unit equipped with 60-bit acquisition cards
was employed to simultaneously record the sound pressure signals at the 60 microphone locations, with a sampling frequency of

10.24 kHz.
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Fig. 13. Certified semi-anechoic chamber at the Acoustics Research Facility, Hefei University of Technology, where the rotating loudspeaker
experiments were conducted. The chamber provides a controlled acoustic environment with broadband absorption and low background noise,
suitable for sound source identification studies.

Fig. 14. Experimental setups for measuring the UAV rotating blade noise: the UAV blades and the microphone array, and the laser speedometer.

The analytical procedure processes the radiated sound pressure signals from the rotor blades acquired by the microphone array
as input, establishes the transfer relationship between the measured sound pressure on the measurement plane and the equivalent
source strengths on the source plane through Eq. (39), and inversely solves for the equivalent source strengths on the rotor blade
surface, and subsequently predicts the complete radiation sound field

4.2. Experimental results and analysis

Accuracy of source strength reconstruction. Fig. 16 shows the time histories of the reconstructed source strength signals for the UAV
rotor noise sources using MST-TDIM, including the %, y, and z components of the dipole noise source unsteady force signals in the
Cartesian coordinate system, as well as the monopole noise source strength signals.

From Figs. 16(a), (e), (b), and (f), it can be observed that the force components in the x and y directions of the dipole source
exhibit periodic harmonic characteristics, showing sinusoidal and cosine-like waveforms in the time domain. Additionally, the
corresponding loading components on the two symmetrical blades display a complementary phase relationship. The formation of
the orthogonal harmonic components described above arises from the process where the tangential loading, fixed to the rotating
coordinate system, is periodically projected onto the stationary coordinate system as the blade rotates.

Figs. 16(c) and (g) show the z-direction force components of the dipole sources on the two blades. Combined with the coordinate
system definition, the negative loading component represents the positive aerodynamic thrust generated by the rotor in operation.
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Fig. 15. Experimental setup for acoustic field measurements of the rotating blades. The rotor is mounted on the motor shaft and aligned with the
global Cartesian coordinate system centred at the rotational axis O. The rotating source region is discretized into equivalent source points with
solid circles distributed on concentric rings. A double-ring microphone array comprising 60 omnidirectional microphones (30 x 2) is employed
to record the radiated sound field, with the two microphone rings located at axial distances of 0.02 m and 0.04 m from the source plane. Four
additional reference microphones are positioned for validation at M1(0.2,0,0.02) m, M2(0, 0.2,0.02) m, M3(-0.2,0,0.02) m, and M4(0, —0.2,0.02) m.
The coordinate system (x,, x,, x3), equivalent sources, microphones, and reference sensors are all indicated schematically.

Additionally, the unsteady periodic fluctuations may be caused by aerodynamic interference between the rotating blades and the
wake vortex system or by the uneven distribution of induced inflow in the plane of the rotor.

Figs. 16(d) and (h) show the reconstructed monopole source strengths on the two blades. The monopole source strength also
exhibits unsteady periodic fluctuations, with its values consistently remaining in the negative range. This phenomenon characterizes
the volume displacement effect produced by the rotor blade with a specific geometric thickness, continuously displacing the
surrounding fluid during rotational motion. Furthermore, the periodic peak values appearing in the curves may be due to the
unsteady variation of the local fluid mass flux during the blade’s rotation.

A further analysis of Figs. 16(a)-(h) shows that, under the current operating condition with M = 0.0614, the dipole source
strength dominates. In this case, to maintain thrust and torque balance at low rotational speeds, the rotor blades must endure
relatively high levels of both steady and unsteady aerodynamic loading, which is the primary source of dipole sound radiation. In
contrast, the monopole source provides a discernible yet supplementary contribution to the reconstruction results, consistent with
the blade’s thin geometry and the low volume acceleration of displaced fluid at low speeds. These results align with low-speed rotor
sound radiation theory, confirming the experimental validity and MST-TDIM’s ability to identify weak monopole contributions.

In previous work [36], neglecting the monopole mechanism under low Mach number conditions is a reasonable and effective
approximation, providing a foundation for understanding the spatial distribution of aerodynamic loading noise. However, as the
rotor’s Mach number increases, the monopole contribution becomes more significant. Since monopole and dipole sources have
distinct spatial radiation patterns, applying ST-TDIM at higher Mach numbers may produce false loading sources when fitting the
thickness noise, creating artifacts in source localization and compromising quantitative accuracy. The MST-TDIM method, as an
extension of ST-TDIM, overcomes this limitation by suppressing false-source interference and providing more accurate and physically
meaningful reconstructions as monopole strength increases.

Source localization capability. Fig. 17 further illustrates the source localization results for the rotating blades at four different time
steps, 700, 200> 7300, aNd 7409, showing that the MST-TDIM method is able to capture the source distribution on the blade surface at
different time steps, with the reconstructed source energy being concentrated in the blade tip region. This spatial distribution arises
from the higher rotational velocity at the blade tip and the greater rate of change of Mach number along the observer’s direction,
resulting in larger aerodynamic loads. Consequently, the blade tip region dominates sound radiation, confirming the accuracy of
the MST-TDIM method in localizing the rotating blade’s loading sources at different time steps.

Sound field prediction performance. To evaluate the acoustic field prediction capability of the MST-TDIM method, the sound pressure
was predicted at four field points, namely M1 (0.2, 0, 0.02) m, M2 (0, 0.2, 0.02) m, M3 (-0.2, 0, 0.02) m, and M4 (0, —0.2, 0.02) m,
using both ST-TDIM and MST-TDIM, and the results were compared with the measured signals, as shown in Fig. 18. The results show
that both methods can effectively predict the overall periodic variation of the sound pressure at the field points, with MST-TDIM
providing relatively more stable predictions. Specifically, when approaching the sound pressure extremes, the predicted curves
from ST-TDIM show local numerical oscillations and amplitude deviations, while MST-TDIM suppresses these phenomena, with its
predicted waveforms aligning more closely with the measured signals.

The local oscillations in the ST-TDIM predictions primarily arise from the simplified treatment of the monopole source component
in the pure dipole model. Under the current operating conditions, since the monopole source strength contributes only a small
portion, the prediction bias due to neglecting this component remains within an acceptable tolerance range, making the pure dipole
model still highly applicable. The MST-TDIM incorporates the monopole mechanism into the sound field reconstruction framework,
achieving more accurate and refined predictions while retaining the predictive capability of the pure dipole method.
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5. Conclusion

This work introduces a novel time-domain inverse framework for identifying unsteady rotor noise sources, addressing the
limitations of conventional frequency-domain approaches that assume steady or quasi-steady behaviour. The framework reconstructs
unsteady rotating source strengths by combining the FW-H equation’s integral solution under the assumption of neglecting the
quadrupole noise source term with an equivalent source inversion method. The acoustic field is discretized via Eq. (17), linking
source strengths to measured pressures through a transfer matrix in Eq. (39). To address ill-conditioning in the inverse problem
of Eq. (41), a spatiotemporal regularization with mixed ¢, ; norms from Eq. (42) is introduced, where « < 1 promotes spatial
sparsity for concentrated sources, and f = 2 ensures temporal continuity. The iterative solution in Eq. (49) leverages reweighted
least squares with adaptive weights from Eqgs. (46)-(47), initialized via Tikhonov regularization in Eq. (50) and terminates upon
functional convergence in Eq. (52). The framework enables stable and accurate reconstruction of time-varying source strengths,
offering a unified approach for source localization, temporal evolution tracking, and radiated sound field prediction, while retaining
flexibility for diverse source distributions and robustness against noise.

Numerical simulations and experimental validation confirmed that the proposed time-domain method provides accurate local-
ization and robust sound field prediction of rotor noise sources under a wide range of operating conditions. The method employed
equivalent sources distributed on concentric rings with radii of 0.1 m to 0.3 m in simulations, reconstructed through the discretized
formulation in Eq. (17). Results demonstrated accurate source localization and sound-field prediction across three rotational-speed
cases at 1000, 3000, and 5000 rpm. In addition, a noise-robustness study was carried out by sweeping the SNR from 0 dB to 30 dB,
where the phase evaluation factor E, remained close to 1 and the amplitude evaluation factor E, remained close to 0, indicating
stable reconstruction in noisy environments. Furthermore, a geometric sensitivity study was performed by varying the number
of equivalent sources and the measurement-to-equivalent-source-surface distance, showing that the proposed method maintains
high reconstruction accuracy provided that the equivalent-source and measurement configurations are reasonably arranged. The
implementation used a 12.8kHz sampling rate, A-regularized inversion from Eq. (48), and spatiotemporal weighting via Eq. (49)
configured with @ < 1 and # = 2 norm parameters. Experimental validation was conducted using small UAV rotor at a rotational
speed of 999 rpm. The method demonstrated accuracy in identifying rotor noise sources with prediction errors below 18 dB
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under semi-anechoic chamber conditions, while effectively capturing the radiation patterns. The proposed method enables real-
time localization of rotor noise sources and accurately reconstructs the time-varying history of the corresponding source intensity
signals. Experimental results indicate that, under subsonic conditions, rotor noise sources primarily consist of dipole-type loading
noise and monopole-type thickness noise. For thin blades such as those of small UAV rotors operating at low rotational speeds, the
contribution of monopole-type thickness noise is relatively minor, while dipole-type loading noise becomes dominant. Moreover,
the loading force signals exhibit harmonic behaviour characterized by sinusoidal patterns in the x and y directions of the Cartesian
coordinate system, and appear as negative periodic time-varying signals in the z direction. Furthermore, based on the reconstructed
source information, the radiated time-varying sound field of the rotor is further predicted, which is of great significance for advancing
real-time control of rotor noise and accelerating the development of the low-altitude economy.

It is worth emphasizing that the proposed time-domain inverse framework is primarily developed for, and has been validated
under subsonic rotating-source conditions. For the highest rotational speed investigated in this study, 5000 rpm, corresponding to
approximately M ~ 0.3, the Doppler factor (1 — My) remains numerically stable. However, as My — 1, the denominator term
(1 — M) may significantly amplify the integrand, leading to severe numerical ill-conditioning and potential singularities. Based on
additional high-rotational-speed simulations under the same numerical setup, we observed that pronounced singular behaviour and
numerical divergence start to appear when the rotational Mach number increases to approximately M =~ 0.82. Therefore, within the
current inverse framework, this value can be regarded as a practical Mach-number limit for the considered simulation setting, and
the proposed method should not be directly extrapolated to transonic or supersonic regimes without further modifications.

Nevertheless, extending the time-domain inversion concept to the identification of supersonic rotating aerodynamic noise sources
remains meaningful. Future work will focus on establishing an effective time-domain relationship applicable to higher Mach-number
conditions, and on developing the required theoretical and numerical treatments, e.g., singularity-removal and robust algorithms
for the multiple-root retarded-time problem, to enable reliable identification of high-speed rotating aerodynamic noise sources and
to deepen the understanding of their generation and propagation mechanisms.
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