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Vortices, or swirling flows, are fundamental features in many physical systems, ranging from ocean currents and weather patterns
to superfluids and plasmas. However, accurately modeling these flows, particularly those with complex topological structures, has
remained a significant challenge. This study introduces a mathematical framework for capturing the dynamics of vortex flows via
anon-trivial lifting process from spherical vorticity maps to spherical velocity maps, enabling the velocity field to be expressed as
a quaternion-valued wave function representing vortex tubes of arbitrary topology. The framework has broad applications across
diverse fields, including turbulence, fluid dynamics, superfluid vortices, ocean circulation, and plasma physics, offering valuable
insights into the topological evolution and stability of vortex structures in both natural and engineered systems.
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1 Introduction

The Aharonov-Bohm effect established electromagnetic po-
tentials as physical entities that directly influence quantum
phases and serve as fundamental gauge fields in quantum
field theory, rather than mere mathematical conveniences of
classical electromagnetism [1-3]. In a conceptually mirrored
manner, spherical Clebsch maps, introduced by Chern et
al. [4] following Kuznetsov and Mikhailov [5], generalize
the traditional Clebsch representation to velocity and vor-
ticity fields with nonzero helicity. In this framework, the
vorticity field is represented by a spin via the Hopf fibra-
tion [6], capturing reduced fluid dynamics, while the veloc-
ity field, expressed as a quaternion-valued wave function,
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embodies the Hamiltonian formulation with intrinsic geo-
metric character and gauge freedom [7]. The direct con-
struction of velocity Clebsch maps with arbitrary topology
remains challenging, motivating a lifting procedure from vor-
ticity Clebsch maps to velocity Clebsch maps. Such a process
transforms a reduced, vorticity-focused representation into a
complete description of the fluid’s full geometric and topo-
logical structure.

In this study, we introduce a comprehensive mathemati-
cal framework for quaternionic lifting of spherical Clebsch
maps (QLSCM) within the Hopf fibration field [8], analyti-
cally resolving the solution uniqueness problem using clas-
sical formulations. This framework not only includes the
projection of spherical velocity Clebsch maps onto spherical
vorticity Clebsch maps, but also addresses the reverse pro-
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cess of lifting spherical vorticity Clebsch maps to spherical
velocity Clebsch maps, which forms the core contribution of
our work.

We further develop a method to compute the correspond-
ing spherical velocity Clebsch map from a given spherical
vorticity Clebsch map. The latter is constructed using a
method based on tubular structures of arbitrary shape and
thickness, derived from explicit analytical expressions in a
curved cylindrical coordinate system [9-11]. Through this
lifting procedure, we achieve unique spherical velocity Cleb-
sch maps associated with knotted flux tubes of arbitrary
topology, including cases with varying thickness and uniform
twist [12-15].

The QLSCM bridges gauge theory [16, 17], fiber-bundle
geometry [18], and computational techniques [19-22], of-
fering powerful tools for analyzing coherent structures with
the quaternion-valued wave function embedding the velocity
field’s geometric and topological features to capture the full
dynamics in fluids [23-25], describing the coupling between
multiple superfluid components in plasmas [26,27], and en-
coding both position and spin information to enable subse-
quent quantum operations such as measurement or Hamilto-
nian evolution in quantum systems [28-30].

The paper is structured as follows: sect. 2 introduces
the mathematical framework based on the quaternionic kine-
matic ansatz, defining the mapping between quaternion-
valued wave functions and spin fields, and establishing
the correspondence between spherical velocity and vorticity
Clebsch maps. Sect. 3 presents the theoretical derivations to
construct unique solutions for the spherical velocity Clebsch
maps from the spherical vorticity Clebsch maps, and achieve
precise velocity-vorticity matching via functional optimiza-
tion. Sect. 4 applies QLSCM to construct knotted vortex
tubes by obtaining spherical vorticity Clebsch maps through
analytical solutions and spherical velocity Clebsch maps via
numerical algorithms. Subsequently, it analyzes their geo-
metric and topological properties, investigates their dynamic
evolution in incompressible Schrodinger flows (ISFs). Sect.
5 summarizes the key findings of the QLSCM framework and
discusses its broad implications for future research, ranging
from turbulence modeling to quantum algorithms in fluid dy-
namics.

2 Quaternionic kinematic ansatz

We represent incompressible flow using a normalized quater-
nionic wave function, whose adjoint action produces a unit
spin on the 2-sphere. This spin captures the vortex geometry
as a sphere-valued texture, while the wave function induces
a divergence-free velocity field through a spherical Clebsch
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map. It aligns with the idea in refs. [31-34] that uses three
independent variables to capture the full geometric and topo-
logical structure of the flow. From an algebraic perspective,
the quaternions employed in this study are isomorphic to the
S U(2) representation generated by Pauli matrices. Conse-
quently, the proposed framework can be reformulated using
the two-dimensional Pauli matrix representation.

In the QLSCM framework, i serves as an auxiliary field
that facilitates the construction of two distinct physical quan-
tities, the velocity field u,, representing the fundamental field
in classical fluid mechanics, and the spin field ¢ characteriz-
ing the topological structure of the flow. Dynamically, ¢ pro-
vides a gauge-invariant representation that unifies the mathe-
matical description of diverse fluid systems, including invis-
cid flows, viscous flows, and ISFs.

2.1 Spherical Clebsch map

We consider a quaternion-valued wave function ¢ : Q C
R3 - H,

Yy=a+bi+cj+dk, (1)

with real components a, b, ¢,d and quaternionic units i, j, k.
The isomorphism Ijs, : H — R* maps a + bi+cj+dk to
(a,b,c,d) [35], giving ¥ := Iis, o . The normalization

Wi*=a*+b*+c* +d* =1 )
restricts ¢ to Hgs. The spin is defined by the adjoint action
s=yiy, 3)
which is a purely imaginary unit quaternion, satisfying

Re(¢) =0, [¢f*=1. 4)

The three imaginary components of ¢ are given by

¢l = AP+ ==d*, ¢ =2bc-ad), ¢ =2ac+bd). (5)

¢ realizes the Hopf fibration 7 : Hys — Hge, x — Xix [6].
Composing with I, gives ¢ := IisolH32 o¢ € S? and the in-
duced map 7 : 3 — S? withg¢ = 7o y.

The definition of the spin field ¢ in eq. (3) differs from its
representation in standard quantum mechanics. In the quan-
tum context, the spin vector is typically constructed using the
Pauli spinor and the three Pauli matrices symmetrically. In
contrast, the current definition employs only the imaginary
unit i, breaking the algebraic symmetry among the quater-
nionic units i, j, and k. Geometrically, this symmetry break-
ing identifies a specific fiber direction for the Hopf fibration,
projecting the 3-sphere onto the 2-sphere. Figure 1 summa-
rizes these correspondences among Q, Hgs, Hse, S3, and S2.
See Supplementary Note 1A for more details.
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Figure 1 Quaternionic Hopf setup. A unit-quaternion map ¢ : Q — Hgs
induces ¢ = iy € Hgo. Under H = R* these give ¢ € S3, ¢ € S?, with
projections 7 and 7.

Within this structure, the velocity admits the spherical
Clebsch form [4,5,19]

uy :=h Re (V¥ iy), (6)

with the constant 7 associated with the velocity circulation
and incompressibility V-u, = 0 with the Coulomb gauge is
equivalent to

Re (V2 i y) = 0. (7

Writing ¢ = ¢11+¢» ] +¢3 k, the vorticity Clebsch map takes
the symmetric form

/]
We = Zgabc Sa Vsp X Vg, ®)

where g4, is the Levi-Civita symbol, and under standard
smoothness conditions, it corresponds to the curl of uy,

W, = wy =V Xuy. 9

Mathematically, the ¢ field maps to the 2-sphere S?, which
relates to the construction of the topological degree of the
Hopf map. Specifically, w. defined in eq. (8) corresponds to
the surface element of S2, and its integral over the manifold
yields 47t. The pull-back of this integral to S recovers the
Hopf mapping degree. In the context of helicity, this topolog-
ical invariant represents the self- and mutual-linking numbers
of a knotted flux tube family [36]. As helicity constitutes the
abelian version of the Chern-Simons action, it encodes topo-
logical information regarding knots and 3-manifolds [37,38].

2.2 Properties of the spherical Clebsch map

The spherical Clebsch map preserves the structural trans-
parency of the original Clebsch representation while address-
ing its inability to represent flows with non-zero helicity, and
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it encodes velocity fields through functions that carry infor-
mation about the underlying dynamics. A detailed account of
the original formulation and its multi-component extensions
is given in Appendix Al.

The unit-length constraint |¢| = 1 ensures that each Vg
is perpendicular to the vorticity direction defined in eq. (8),
implying

we V=0, k=1,2.3, (10)

such that w, is tangent to each ¢y level surface. Physically,
the velocity field uy in eq. (6) shares the same mathemati-
cal structure as the Wu-Yang potential of a non-abelian mag-
netic monopole [39]. Consequently, its corresponding vor-
ticity field in w. (8) can be identified as the pull-back of the
surface element of the unit sphere S>. A detailed derivation
of eq. (10) can be found Appendix Al. This property is es-
sential for the visualization, interpretation, and computation
of vortex structures [4, 19, 40-43].

Moreover, the spherical Clebsch map provides a gauge-
invariant scalar representation for describing different fluid
dynamics [44,45], including inviscid flows governed by the
Euler equations [46], viscous flows governed by the Navier-
Stokes (NS) equations[47], and ISFs [4].

For inviscid flows, the material conservation of spherical
vorticity ¢, as described by Ertel’s theorem [48], becomes
explicit when the Euler equations are reformulated using the
quaternionic ansatz . This formulation captures dissipation-
free dynamics while preserving the topological structure of
the flow.

For viscous fluid dynamics, the viscosity introduces dis-
sipation, breaking material conservation of the spin and de-
grading the Clebsch structure. One approach is to introduce
a virtual velocity that advects vortex surfaces as material
sets [49]. Another approach uses unit-vector formulations
to correct the vortex surface field by constructing an effective
pressure while modeling incompressible NS dynamics [47].

The ISF dynamics are described by the following con-
strained Gross-Pitaevskii (GP) equation [50], where pressure
enforces incompressibility
oy h

1
=1 = 2 —1 =
o 12V W 1hp¢. an

The ISF bridges the gap between Euler and NS dynamics
by introducing a nonlocal, viscosity-like effect [16] that en-
ables vortex creation, disconnection, splitting, and reconnec-
tion without invoking the full viscosity of the NS equations.

3 Quaternionic lifting of spherical Clebsch maps

We formulate a lifting problem: given a smooth spin field on
a three-dimensional domain, does there exist a smooth, nor-
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malized wave function that enforces incompressibility and
reproduces the same vorticity through the Clebsch represen-
tation, i.e., the process of the blue arrow in Figure 2? Under
a mild compact-support assumption, we prove that such lifts
exist and can be chosen periodic; after fixing a natural ve-
locity gauge and a global phase. we obtain uniqueness; a
variational principle then characterizes the lift. Specifically,
for a smooth ¢ : Q — Hg, we seek ¢ : Q — Hgs such
that ¢ = 7 o . We proceed with this formulation under the
compact-support hypothesis outlined below.

Problem 1 Let Q c R? be the closed cube of side 27t and
let ¢ : Q — H satisfy Re(s) = 0, |¢| = 1. Does there exist a
smooth periodic ¥ : Q — H such that:

O > = 1(2),

(ID Re(V2y i ¢) = 0(7),

(D) ¢ =y iy (),

(IV) the induced velocity uy = h Re(Vy i y) satisfies (9)?

Is the lift unique?

Proposition 1 Let Q be a closed topological 3-ball that is
a smooth manifold with boundary, and let ¢ : Q — H be
smooth and satisfy Re(¢) = 0, || = 1. Assume there is
a smoothly closed topological 3-ball B c int(€2) such that
Slovs = ¢ is constant. Then there exists a smooth map
¥ : Q — H such that (i) y satisfies eqs. (2) and (3); and
(ii) there is a closed 3-ball B’ with B C int B’ C B’ C int(Q)
and Yo\ = Y. constant.

Proof Since domain ( is contractible, a continuous lifting
Y : Q — H exists such that it satisfies both the normal-
ization (2) and the Hopf constraint (3), as shown in Chern
etal. [19].

Given that ¢ is constant outside B, the image ¢lo\p = ¢
corresponds to a fixed point under the Hopf map and its
preimage 7~ !(g,) is isomorphic to S'. Choose a represen-

Hopf projection
¢ =i

Spherical velocity N \ , ’Spherical vorticity

Clebsch map \ Vs Clebsch map
N /7 h
uy, = hRe(Viith) \\ we = 1 Eabe Sa VS X V¢,
Velocity field
W Vorticity field
W

we =V X uy

Figure 2  (Color online) Lifting a prescribed spherical vorticity Clebsch
map to a spherical velocity Clebsch map. Top: Hopf map ¥ — ¢ and inverse
lifting. Bottom: induced velocity and vorticity fields with V X u, = w,. The
blue arrow marks the optimization that enforces consistency. Here, the visu-
alization of the Hopf fibration is derived following the method introduced by
ref. [51].
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tative ¢, € 77!(g,), and define a constant map

(12)
X =Y.

Since the space int(Q) \ B retracts onto S?, and all contin-
uous maps from S? to S' are null-homotopic which implies
that all continuous maps from int(Q) \ B to 7~!(g,) are null-
homotopic, then there exists a homotopy

H: (int() \ B)x [0, 1] = 77 (50),
H(x,0) = Ji(x), (13)
H(x, 1) = J(x).
Let B’ be a closed topological 3-ball such that B C

int(B’) ¢ B’ C int(Q). By Urysohns lemma [52], there exists
a continuous function f : Q — [0, 1] satisfying

0, xeB,
)= {1, xeQ\in(B). (14
We now define the interpolated function ¢ : Q — H by
(x), x€B,
W(x) = {H(x, f(x)), x€int(B’)\ B, (15)
g(x) =, xeQ\int(B).

This construction yields a continuous lifting ¢ of ¢, and
smooth approximations can be constructed by standard mol-
lification arguments. Hence, the result extends to the smooth
category.

Proposition 2 Let Q c R3 be the closed cube of side 27,
and let ¢ : Q — H be smooth and satisfy Re(¢) = 0, || = 1.
If ¢ is constant on Q \ B for some closed 3-ball B C int(Q),
then there exists a smooth periodic ¢ : Q — H satisfying
Conditions (I)-(IV).

Theorem 3 Let ¢ satisfy Re(s) = 0, |¢] = 1 on Q. If two
periodic solutions i1, ¥, satisfy Conditions (I)-(IV) and in-
duce the same velocity ug, then ¥, = exp(ify)y; for some
constant 6.

Theorem 4 Let Q c R? be the closed cube of side 27,
and let ¢ : Q@ — H be smooth, satisfy Re(¢) = 0, [¢] = 1,
and be constant outside a closed 3-ball B C int(Q2). Then
there exists a unique smooth periodic ¢ : Q@ — H satisfying
Conditions (I)-(IV); its induced velocity u, equals u, and it
satisfies the gauge constraint 7 () € Ry.

Theorem 5 Let Q c R3 be the closed cube of side 27t. Let
¢ : Q — H be smooth, satisfy Re(¢) = 0, |g] = 1, and be
constant on Q \ B for some closed ball B € Q. Assume ¢(Q2)
has a nonempty interior point in Hg.. Consider

Y = argmin E.(¢),
‘ (16)
Re(Vy i y) =0,

ol =1, I(¥) € Ry,
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with
idug . ig Vs
h 2

Eu(¢) = % Hw _ : (17)

2
where u, is the mean-fixed divergence-free velocity satisfy-
ing V X u; = wg. Then the unique minimizer ¢ of egs. (16)
and (17) coincides with the unique periodic solution given by
Theorem 4 and obeys 7 (y) € Ry.

Firstly, by proving Proposition 1, we point out the exis-
tence of the lift without considering the fluid constraints (II)
and (IV) in the Problem 1. Then, embedding u, and w, in
the Hopf fibration, a prescribed spherical vorticity Clebsch
map ¢ should generate a spherical velocity Clebsch map ¢
whose induced velocity and vorticity agree with those de-
fined by ¢. Equivalently, the lift should also exist under the
Constraints (I)-(IV). We ensure this holds by proving Propo-
sition 2. However, existence alone does not fix the lift, since
both the hydrodynamic velocity and the global U(1) phase
can vary without changing the spin. Theorem 3 identifies
these two sources of nonuniqueness. To define the velocity
gauge, use the periodic Helmholtz decomposition to obtain a
smooth periodic ¢ with V X @i, = w,. Its spatial mean may
differ from that of u,,, so we set u¢ by translating @ to match
means. This fixes the harmonic component on the torus. To
fix the global phase, write @ € Hg as @ = a; + @z with
ay,a, € C, and set

Ro ={a =a + Ckzj € Hgs
(18)

+
ap, @ € C, a’min(argmax[:ll i) eR }’

so the component of maximal modulus is positive real, with
ties resolved by ;. Let x. be the cube center and define the
pointwise gauge condition

I:C%(QHy) » Hes,  T(W) = ¢(x0). 19)

With these gauges in place, the lift is completely determined.
Finally, we show that the unique periodic lift in Theorem 4
is also the minimizer of a convex quadratic functional sub-
ject to the Hopf, normalization, and solenoidal constraints in
Theorem 5. Therefore, for a given ¢, the spherical velocity
Clebsch map ¢ can be obtained by finding the minimum of
functional (17) through the variational principle. The com-
plete proofs of the Propositions and Theorems about the ex-
istence and the uniqueness of the lift is provided in the Sup-
plementary Notes 1B and 2, respectively.

Remark 1 (i) The constraints in eq. (16) are precisely (2)
and (7), ensuring incompressibility and Hopf compatibility.
(ii) The quadratic form in eq. (17) penalizes the covariant
mismatch between V¢ and the connection formed from u
and Vg; if ¢ is a solution to the optimization problem in eq.
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(16), we obtain ¥iy = ¢ and uy = ug. (iii) The velocity
gauge fixes the harmonic mean component of u on T2, while
I(Y) € Ry fixes the global U(1) phase, which together pro-
vide the uniqueness result in Theorem 4.

Remark 2 To uniquely determine the smooth lift ¢, we
need both physical constraints and gauge-fixing conditions.
The physical constraints are [y> = 1, Re(V2yiy) = 0,
and ¢ = ¢ i y. For the gauge conditions, we translate @,
to fix the harmonic mean component, and set the global U(1)
phase 7 () € Ry. Conversely, the periodic domain and the
compact-support hypothesis are technical conditions. Specif-
ically, the compact-support hypothesis ensures the existence
of the continuous and smooth lifts in Proposition 1, while the
periodic domain ensures that the boundary integrals vanish
ineq. (al6).

Figure 2 summarizes the construction. The top edge shows
the Hopf mapping from the wave function ¢ to the spin field ¢
and the inverse lifting ¢ +— . The left and right edges display
the induced velocity and vorticity, linked by V X uy, = wx.
The blue arrow indicates the optimization that lifts a pre-
scribed spherical vorticity Clebsch map to a consistent spher-
ical velocity Clebsch map.

4 Result

4.1 Spherical vorticity Clebsch maps for knotted vortex

tubes with non-zero helicity

We firstly construct explicit spherical vorticity Clebsch maps
for vortex tubes of arbitrary topology with variable thickness
and uniform twist, following Chui and Moffatt [9], and also
refs. [10-15]. Let C c R3 be a smooth closed curve of non-
vanishing curvature, parametrized by arclength s € [0, L¢].
Along C, we use the Frenet-Serret (FS) orthonormal frame
T, N, B, with T the unit tangent, N the principal normal, and
B =T x N the binormal; «(s) and 7(s) denote curvature and
torsion.
Introduce FS-based tubular coordinates s, 0, ¢ via

x =c(s) +pcos?N(s) + osint B(s), (20)

and define the tube Q¢ = {x : minpgs<r X — ¢(5)| < Ry}
Choose R, > 0 so that s, o are single-valued; the axis is C
(0 = 0). Thus, the spherical vorticity Clebsch map reads

¢ =, F.¢& 0), 2y

where I' = 1 is the total toroidal flux, £(s) is azimuthal an-
gle twist with local rate, F(o, s) = 27l fOQ f(4,s)AdA is the
toroidal flux through radius p at position s with smooth com-
pact profile f(s), and o(s) is the core radius. The specific
expression of eq. (21) is provided in the Supplementary Note
3A.
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Substituting eq. (21) into the symmetric Clebsch form of
¢ yields

w; =Tfo[(Vo - £Vo) x (V8 - £Vs)], (22)

consistent with eq. (3.39) of ref. [15]. We illustrate eq. (21)
and the induced w in a periodic cube of side L = 27t. Fields
are discretized on uniform grids with N = 512 for canon-
ical tubes and N = 1024 for the turbulent field. In Fig-
ure 3(a), we show that the thickness and twist of a canoni-
cal vortex tube can be freely controlled by varying o(s) and
&(s), which enable us to construct vortex tubes of arbitrary
topology. For the turbulent field in Figure 3(b)-(d), we gen-
erate a skeleton of 50 centerlines via Fourier-series param-
eterizations with random coefficients and prescribe ¢ by eq.
(21). Isosurfaces of ¢ reveal tube organization; coloring by
h = u.-w; highlights alignment and anti-alignment of u. and
w,.. The spectrum E(k) shows an inertial range close to k—/3
in Figure 3(c), indicating that the construction captures the
characteristic cascade phenomenology. The vorticity magni-
tude squared |w,|* is strongly intermittent, as shown in Fig-
ure 3(d). A similar structure has also been observed in ref.
[53].

4.2 TImplementation of quaternionic lifting in the spheri-

cal Clebsch map

For a given constructed ¢, the lifting s can be obtained by
solving the optimization problem described in eq. (16). Uti-

(a) (b)
Constant thickness + Zero twist

Vortex filament
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lizing the variational method, we take the variation of the
functional (17) in the direction €, of the variable ¢ to obtain
the energy variation.

E§(¢ + E‘IJ) - Eg(¢)

) o, 2iug Vg gV
‘fg<6¢’ Vo 2 (23)

ug? Vel
+ ol —- + dQ+O(lel).
i 4 )i
A detailed derivation of this expression can be found in Ap-
pendix A2. Thus, the optimal solution of the functional (17)
is to solve the following pseudo-time evolution equation

or hi 2 h2 4
o> =1,

Re(V2¢ig) =0,

1(¢) € Ry

(24)

We aim to solve the optimization problem described in (24)
by employing a pseudospectral method within the cubic do-
main Q = [0, 271]>. We apply an operator splitting technique,
which breaks the problem into smaller subproblems that can

Turbulent field

Figure 3

(Color online) Vortex tubes and turbulence from spherical vorticity Clebsch map. (a) Left: schematic vortex surfaces (white) with representative

vortex lines (gray). Right: isosurfaces of ¢ color coded by helicity density & = u-w;. Rows, top to bottom: constant thickness with zero twist; variable
thickness with zero twist; constant thickness with uniform twist. (b) Left: a tangle of vortex filaments generated from Fourier-series centerlines with random
coefficients. Right: ¢j-isosurfaces colored by 4. (c) Energy spectrum E(k) on a 10243 grid; the red dashed line indicates Kolmogorov k3 scaling. (d)

Intermittent vorticity magnitude squared € = Iwgl2 in the plane z = 7.
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be solved sequentially. The procedure is outlined in the fol-
lowing steps.

Step 1: solving for the velocity-dependent term.

The first step involves solving the two terms of the equa-
tion governing the evolution of the wave function ¢: the ve-
locity field u. and the spin field ¢. This is done by solving
the equation

¢ 2iug-Vo  i¢Vis
_— = = + . 25
or n 2 25)
Step 2: solving the diffusion equation.
In this step, we solve the diffusion equation
0
2 _ vy, (26)
or

which represents the diffusion of ¢ in the absence of the ef-
fects of velocity and spin field.

Step 3: normalization of the wave function.

¢ is normalized to maintain unit magnitude, as required by
the second condition in eq. (24).

Step 4: solenoidal constraint.

We enforce the solenoidal constraint, ensuring that the cor-
responding velocity field remains incompressible. This is
achieved by projecting ¢ onto the space of divergence-free
functions. The solenoidal condition is captured by the third
equation in eq. (24).

Step 5: phase fixation.

Finally, the phase of ¢ is fixed by projecting it onto the
space to ensure that 7(¢) € Ry with Ry described in eq. (18).
This process is described by the fourth equation in eq. (24).

We evaluated the performance of the algorithm, showing
its stability and efficiency. The time complexity is O(N,) with
respect to the number of iterations »,, and the space com-
plexity is O(N3 log N) where N denotes the grid resolution.
To demonstrate the robustness of our algorithm with respect
to the initial values, we randomized the initial spherical ve-
locity Clebsch map. See Supplement Note 3A for more de-
tails. The QLSCM framework is also applied to construct
non-torus knot configurations to demonstrate its versatility,
as presented in Appendix A3.

A concrete implementation is displayed in Figure 4. For
the spherical vorticity Clebsch map ¢ of a cinquefoil knot, we
solve the optimization problem (24) by employing a pseu-
dospectral method within the cubic domain Q = [0, 2m)3
to lift ¢ to the spherical velocity Clebsch map . The four
components of ¢ encode distinct geometric roles. The in-
tersection of the isosurfaces of a and b identifies the vortex
axis, while ¢ and d quantify the twist of vortex lines, as fur-
ther shown in Figures S13 and S14 in Supplementary Note
3B. By applying the lifted spherical velocity Clebsch maps
in ISFs, we track the geometric deformation and topological
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evolution of vortex tubes, revealing the intricate relationship
between geometric properties and vortex dynamics, as illus-
trated in Figure 5. The isosurface of cinquefoil-knot vortex
tube representing the vortex core is colored by helicity den-
sity to highlight regions where twist accumulates and redis-
tributes. At later times, vortex lines are superimposed on a
translucent surface to reveal local alignment and shear struc-
tures. Furthermore, vortex tubes with variable thickness pro-
mote fragmentation due to localized stress concentrations,
while those with uniform twisting stabilize the structure by
ensuring a more homogeneous stress distribution, with more
details provided in Supplementary Note 3C. Thus, the lifting
enables the characterization of the flow’s complex features.

5 Conclusion

In this study, we present the first comprehensive mathemat-
ical framework for QLSCMs that analytically resolves the
solution uniqueness problem using classical formulations.

Spherical velocity
Clebsch map

Spherical vorticity
Clebsch map ¢

Figure 4 (Color online) A cinquefoil-knot vortex tube from spherical ve-
locity Clebsch map. Left: spatial distribution of a, b, c, and d of ¢ in the
z = 7 plane through numerical method. Right: isosurfaces of ¢x,k = 1,2,3
from analytical construction.

Figure 5  (Color online) ISF evolution of a cinquefoil-knot vortex tube:
¢1 = —0.4 isosurfaces colored by helicity density, with a late-time (r = 6.4)
overlay of vortex lines on a translucent surface.
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Building on this foundation, the inverse problem of lift-
ing spherical vorticity Clebsch maps to spherical velocity
Clebsch maps reduces to a well-posed extremum problem.
Specifically, we construct spherical vorticity Clebsch maps
to represent knotted flux tubes of arbitrary topology in a
curved cylindrical coordinate system. We then perform the
lifting process by solving the extremum problem to obtain
the corresponding spherical velocity Clebsch map ¥, which
is used as initial conditions to study vortex evolution in ISFs,
demonstrating that our approach effectively captures topo-
logical changes in vortex tubes.

The QLSCMs framework opens avenues for future re-
search, including its extension to turbulent flows, where vor-
tex interactions and background turbulence are significant. It
can also advance understanding of energy transfer and mix-
ing in turbulence, as well as inform flow control strategies by
manipulating vortex geometry and topology to manage sepa-
ration, drag, and mixing in engineering applications. Further-
more, the framework holds potential for quantum computing
applications, such as optimizing vortex dynamics simulations
or enhancing quantum algorithms for fluid flow modeling.

Remark 3 The compact-support hypothesis ensures that
the nontrivial behavior of ¢ is confined to a contractible re-
gion, thereby guaranteeing the existence of the continuous
and globally smooth lift. On more general domains, con-
structing such a lift encounters topological obstructions re-
lated to nontrivial U(1) bundles. Spatial periodicity is also
necessary for our current mathematical framework, and ex-
tending this to non-periodic domains would require a re-
evaluation of the propositions regarding solution existence
and uniqueness.
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Appendix

A1l Original Clebsch representation and spherical Cleb-
sch map

The original Clebsch representation, introduced by Clebsch
[54], expresses a three-dimensional velocity field in terms of
three scalar functions. In its canonical form, the velocity field
u is given by

u=Veo+aVvpg, (al)

where (¢, @, B) are referred to as Clebsch potentials. The as-
sociated vorticity field is then

w=Vxu=VaxVg. (a2)

This formulation implies that vorticity lines lie along the
intersections of the level sets of @ and S8, providing a geo-
metric characterization of vortex structures. In particular, the
scalar fields @ and g define vortex surfaces via

w-Va=w-VB8=0, (a3)

indicating that w is tangent to both surfaces @ = const and
B = const. In inviscid flows, these potentials are materially
conserved:

Da DB _

0 4
Dt Dt ’ (a4)

in accordance with Ertel’s theorem [48].
However, this single Clebsch representation cannot cap-
ture flows with non-zero helicity. The helicity, which quanti-

fies the “twisting”, “coiling”, “knottedness”, or “linkage” of
the fluid flow, is defined as:

H::fth:fu-wdQ, (ad)
Q Q

where Q represents the fluid domain and % denotes the helic-
ity density.

In a simply connected domain with suitable decay or pe-
riodic boundary conditions, the helicity (a5) vanishes identi-
cally. This follows from the identity

u-w=V-(¢pVa x Vp), (ab)

August (2026) Vol. 69 No. 8 284711-9

which implies
H = fV-(gbVa/XVﬁ) dQ = f ¢(VaxVB)-ndS. (a7)
Q a0

where n denotes the outward-pointing unit normal on Q. If
the surface integral vanishes, the helicity is zero.

To overcome this topological limitation, the representation
can be extended to include multiple Clebsch pairs [31,55-58]:

N
u=Vé+ ) aVp:. (a8)
i=1

For N,, > 2, this so-called multi-Clebsch representation
can accommodate non-vanishing helicity. The correspond-
ing vorticity is

N

w = Z Va; X V,B,', (39)
i=1

yielding the helicity

H:fu-wdQ:fZaiV/Bi~(Vaij,8j)dQ, (al0)
Q Q7

which is generally non-zero. The multi-Clebsch formulation
has been applied to describe flows with nontrivial topology,
including knotted and linked vortex structures, particularly in
plasma and magnetohydrodynamic contexts.

As an alternative, we introduce the spherical Clebsch maps
to describe flows with non-zero helicity, and the geometric
and Lagrangian coherence of vortex surfaces is always main-
tained. We first show that the local level surfaces of the scalar
fields ¢; for k = 1,2, 3, at regular point xy, i.e., Vgi(xg) # 0,
for k = 1,2,3, define local vortex surfaces, in the sense
of eq. (a3). Since the coeflicients ¢; are smooth and non-
vanishing, the gradient vectors Vg are linearly dependent at
every point, implying the pointwise identity
Vi - (Vri1 X Vi) = 0, (all)

where indices are defined modulo 3. Combining eq. (8) with
eq. (all) yields w¢ - Vg =0, k=1,2,3.

A2 Variation of the functional

The variation of the functional (17) is evaluated by consider-
ing a perturbation in the field variable ¢ in the form of ¢ + ¢,
where €, represents a small perturbation. The energy varia-
tion is expressed as:

Ei(¢+€) — E¢(¢)

1 (¢ +epue  i(d+ep)Vs|[
1 ipu, ipVell
‘5”“‘"7*7 .
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Upon expanding the right-hand side of the above expres-
sion, we obtain

1 igu, iepue  ipVg  igVg
= V¢ + Vey — - + +
2 fg( L 2 2

Vsoi  Vsesi
Spi VS& ) 40

_ diu. &iu
-(V¢+V§+¢hg+ i R

h 2 2
1 igus  i¢pVg _  iu,  Vgpi
—EL(W&— . + 5 )-(V¢+ T ]dQ.

(al3)

To simplify the expression further, we group similar terms

i, e,V ' iV
f Ve, - s 10V g, W05 10VEN g
R 7 2 n2

+ Olles|I*)- (al4)
This is expanded into four distinct terms
b 6V
f<VE¢,V¢— pus 19 §> a0
Q h 2 g
i€gu, igue  ipVg
- Vp - — dQ
jg; < — 0] o + A (ald)

. V M 1
. f 196 g W% L0V 40k o).
ol 2 h 2 Iz

(1) Considering the first term of eq. (al5). Using the di-
vergence condition of the velocity field u, namely V-u, = 0,
in conjunction with Stokes’ theorem, we derive

f <Ve¢,V¢—i¢u§ +i¢vg> dQ
Q R

h 2
. .V . . . 2
+f<e¢,v2¢—‘”g ¢ V4 Vs  igV g> q
Q h 2 2 |x (al6)
. 5V
:f <€¢9 (V¢ - 1¢u§ + 1¢ g) . n> dS
50 i 2 R
=0.

The last step is obtained due to the periodic boundary con-
dition, where n is a unit vector in the direction of the outer
normal of the surface d€2, thus we have

f <Ve¢,V¢ _ e, 1¢Vg> dQ
Q h 2 R

iu.-Vop  iVo-V¢  igVig
- _v? D - - dQ.
L <6¢’ T 2 2 /.

(al7)

(2) Considering the second term of eq. (al5). Employing
the properties of the quaternion norm leads to

< iepu igu. . i¢Vg>
R

n’ h 2
_e iue-Vo . q)|u§|2 _ ou.-Vg
”h n? 2 |y

(al8)
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furthermore, we obtain

_legug _lgug Vg
L<—h , Vo - T RdQ

_ f<f¢’ gV glugl _¢ug~Vg> o
R

o 2h
(3) Considering the third term of eq. (al5). Adopting a
similar operation to the second term of eq. (al5) for the third

(al9)

term, this leads to

i Vg B igu, . i¢V¢
2 7 n 2 /s
. ) (a20)
_[. iV¢-Vs dug-Vs IVl
) 2h 4 [
furthermore, we obtain
oV b 6V
f 1€5 g’v(p— 19u N 19V¢ 40
o\ 2 h 2 [r
(a21)

_ iV -V  dug-Vs ¢V
_L<E¢, ) + Zh + 4 RdQ

Substituting eqs. (al7), (al8), and (a21) into eq. (al5)
yields the expression in eq. (23).

A3 Non-torus knot configurations in the QLSCM frame-

work

The vorticity field w, and the corresponding velocity field
uy are constructed for a figure-eight knot and a square knot
to illustrate the applicability of the QLSCM framework to
diverse topological configurations. As shown in Figure al,
the left column displays the isosurfaces of |w.| color-coded
by helicity density with embedded vortex lines, while the
right column presents the corresponding slices of the velocity
magnitude [u,|.

(a) M T z

L. A

Figure al  (Color online) Vorticity field |w,| and velocity magnitude |u,|
for (a) a figure-eight knot and (b) a square knot. Left column: isosurfaces
color-coded by helicity density with embedded vortex lines (black). Right
column: slices showing the velocity magnitude |uy|.
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