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Quantum computing shows promise for addressing computationally intensive problems, but is constrained by
the exponential resource requirements of general quantum state tomography (QST), which fully characterizes
quantum states through parameter estimation. We introduce the QST with Chebyshev polynomials, an approxi-
mate tomography method for pure quantum states encoding complex-valued functions. This method reformulates
tomography as the estimation of Chebyshev expansion coefficients, expressed as the inner products between the
target quantum state and Chebyshev basis functions, measured using the Hadamard test circuit. By treating the
truncation order of the Chebyshev polynomials as a controllable parameter, the method provides a practical
balance between efficiency and accuracy. For quantum states’ encoding functions dominated by large-scale
features, such as those representing fluid flow fields, appropriate truncation enables faithful reconstruction of
the dominant components via quantum circuits with linear depth, while keeping both measurement repetitions
and postprocessing independent of qubit count, in contrast to the exponential scaling of full measurement-based
QST methods. Validation on analytic functions and numerically generated flow-field data demonstrates accurate
reconstruction and effective extraction of large-scale features, indicating the method’s suitability for systems

governed by macroscopic dynamics.

DOI: 10.1103/915¢c-hvnt

I. INTRODUCTION

Quantum computing has drawn increasing attention in
recent years owing to its capacity for exponential data stor-
age and its potential to accelerate various algorithms [1-6].
For classical physical systems, quantum computing offers a
pathway to enhance the numerical solution of models such
as differential equations by mapping their discretized forms
into quantum-linear algebraic problems, where quantum algo-
rithms may provide advantages in high-dimensional scaling,
sampling efficiency, and measurement strategies tailored to
specific objectives. In particular, quantum computing for fluid
dynamics (QCFD) is an emerging field that seeks to solve
classical fluid mechanics problems using quantum approaches
[7-10]. Despite the development of various frameworks and
algorithms [11-25], few can be effectively implemented on
current quantum devices, partly restrained by the quantum
state tomography (QST) complexity.

A quantum state fully characterizes a system, with pure
states described as vectors in Hilbert space and general
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states represented by density matrices that encode both pure
and mixed states. Quantum measurements are intrinsically
probabilistic, collapsing the state into an eigenstate of the
measurement operator. QST reconstructs the full state by per-
forming repeated measurements on an ensemble of identical
states, which, together with Born’s rule [1], allows the recon-
struction of a density matrix consistent with the observed data.
It is indispensable for verifying state preparation fidelity and
characterizing algorithm outputs.

Despite its importance, QST faces major challenges in
practical settings, where quantum algorithms often involve
processing large datasets and require dense amplitude encod-
ing across many qubits. In such cases, the number of parame-
ters needed to describe the quantum state grows exponentially,
resulting in significant computational overhead that can offset
the expected advantages of quantum algorithms [26,27]. This
scaling issue makes full state reconstruction computation-
ally expensive and impractical for large systems, limiting the
broader application of quantum algorithms in fields such as
QCFD and simulations of other complex systems.

Multiple QST methods have been developed to address
these challenges, including maximum-likelihood estimation
[28,29], gradient-based optimization [30,31], machine learn-
ing approaches [32-34], linear regression estimations

©2026 American Physical Society
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[35-37], and other advanced schemes [38—40]. More efficient
methods can be established if extra restrictions are imposed
on the quantum states. Examples include compressed sens-
ing [26,41] for low-rank density matrices and matrix product
state (MPS) tomography [42,43] regarding low-dimensional
productive density matrices, simplifying the reconstruction of
entangled systems. Overall, these methods aim to find more
concise expressions of certain quantum states to shrink down
the parameter space, allowing for more efficient state recon-
struction in specific contexts.

We present the QST with Chebyshev polynomials (QST-
CP), a spectral approach that incorporates scale information
through Chebyshev polynomial decomposition. Each Cheby-
shev basis function represents a scale-dependent mode and
prioritizes large-scale structures over finer-scale details. Low-
order modes capture the large-scale, energetically dominant
features of the encoded function, while higher-order modes
describe finer-scale variations. This hierarchical organization
naturally supports effective truncation, as retaining only the
most informative modes allows the essential physical content
of the state to be preserved while mitigating the measure-
ment overhead required for QST. A similar approach can
also be found in quantum chemistry [44,45], where localized
Lorentzian functions are utilized as a basis set to achieve
efficient quantum encoding.

The QST-CP is applied to pure quantum states encoding
continuous functions, commonly arising in solving differen-
tial equations [4,46,47], where solutions are encoded in the
amplitudes of a quantum state. By expanding these func-
tions in terms of Chebyshev polynomials, we map the target
function into a subspace spanned by a truncated Chebyshev
series. The expansion coefficients, defined as inner products
between the target function and the basis polynomials, are
then measured via quantum circuits, as illustrated in Fig. 1.
Given the quantum state encoding the target function in
Fig. 1(a) together with the Chebyshev polynomial expansions
in Fig. 1(b), the quantum circuit shown in Fig. 1(c) is em-
ployed to measure the expansion coefficients, from which
the quantum state is reconstructed, as shown in Fig. 1(d).
QST-CP provides a balance between efficiency and accuracy
by adjusting the truncation length of the polynomial series.
Short truncations significantly improve QST efficiency and re-
tain large-scale modes, while longer truncations capture finer
details at the cost of increased measurement expense. Val-
idations are performed by reconstructing analytic functions
and complex flow fields, demonstrating the robustness and
efficacy of QST-CP in quantum state reconstruction [48].

This paper is structured as follows. The theoretical
framework of QST-CP is introduced in Sec. II, and the cor-
responding circuit implementation is described in Sec. III.
Numerical demonstrations are presented in Sec. IV, and con-
cluding remarks are given in Sec. V.

II. QST WITH CHEBYSHEV POLYNOMIALS
A. QST on subspace

For a system of n qubits, the underlying Hilbert space is
H = (C*)®" with dimension 2", where C denotes the com-
plex plane. Physically distinct pure states correspond to the

complex projective space CPP?'~!, obtained by identifying
normalized vectors in H that differ only by a global phase.
A general quantum state is described by a density operator
o € B(H), where B(-) denotes the space of bounded linear
operator. Density operator o is a 2" x2" Hermitian, positive
semidefinite operator with unit trace, and its set forms a con-
vex subset of R@""~!, Hence, an n-qubit state is characterized
by 4" — 1 independent real parameters.

The QST aims to reconstruct ¢ by performing mea-
surements in different bases and estimating the outcome
probabilities from Born’s rule. Since the number of free pa-
rameters grows exponentially with n, standard QST typically
requires on the order of 4" measurement settings, rendering it
impractical for large systems.

In many applications the relevant quantum states are not
arbitrary but encode structured data. Consider a continu-
ous function f(xy,...,xy) discretized on a grid of size
2Mx ... x2" with coordinates (x,,...,xg,). Its quantum
state can be expressed as

2" —1 2"d —1

W) = Z Z f(xk],...,xkd)|k1)®~~®|kd)- (D
k=0  ks=0

Such state representations naturally arise in quantum al-
gorithms for solving differential equations [4,46,47] and
in QCFD, where solutions are stored in state amplitudes
and efficient readout is essential. Many physically rele-
vant functions exhibit scale-dependent behavior, allowing
for the reconstruction of only a subset of amplitudes in-
stead of performing full tomography on all of them. For
instance, turbulent velocity fields follow the Kolmogorov the-
ory [49], where the energy spectrum decays with wavenumber
and obeys a power-law distribution in the inertial range.
In such cases large-scale components dominate the overall
behavior.

In classical approximation theory, continuous functions are
represented using orthogonal bases. By expanding f in terms
of Chebyshev polynomials and restricting the state to the
subspace spanned by a truncated set of basis functions, one
can retain the dominant large-scale content with relatively
few coefficients. Tomography then reduces to estimating these
coefficients, and such parametrization substantially lowers the
measurement overhead while preserving the essential physical
features of the quantum state.

B. Chebyshev polynomials

Chebyshev polynomials are a family of orthogonal poly-
nomials that play an important role in approximation theory.
They are frequently employed to represent continuous func-
tions, for example, in numerical methods for differential
equations, where physical quantities such as pressure, veloc-
ity, or temperature fields can be expanded using orthogonal
polynomial bases.

The Chebyshev polynomial of degree p is defined as
T,(x) = cos(parccosx) for —1 < x < 1, and it satisfies the
recurrence relation [50]

Ty (@) = 2T,(0) — Ty (), p > 1, ©)
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FIG. 1. Overview of QST-CP. (a) A pure quantum state encoding a continuous function f(x). (b) Expansion of f(x) using Chebyshev
polynomials, truncated to approximate the original function. (c) Measurement of expansion coefficients as inner products between the
target quantum state and Chebyshev basis functions via quantum circuits. (d) Reconstruction of the truncated series, enabling approximate

tomography of the quantum state.

with initial conditions Ty(x) = 1 and 77 (x) = x. For example,
Ty (x) =2x2 — 1, T3(x) =4x> — 3x, and Ty(x) = 8x* — 8x + 1.
The polynomial 7,,(x) has p distinct zeros in [—1, 1], given by

2k + D

Xpk = cos o k=0,...,p—1, 3)

which follow directly from the trigonometric definition. More
generally, evaluating 7,(x) at the zeros of T;(x) yields

| @k + Dpr

T,(X,4) = co % k=0,...,p—1. (@

Chebyshev polynomials satisfy a discrete orthogonality rela-
tion with respect to the set of zeros {X, x} of T,,. Defining the

discrete inner product as

p—1

(fr8)p =Y FXpi)eXpi),

k=0

the orthogonality relation reads

0, s #t,
(T, i)y = {p/2, s=1#0, &)
2 s=t=0,

for 0 < s, < p. Base~d on this, an orthonormal basis
can be constructed as 7; ,(x) = T;(x)/\/(T;, T;) . Any func-
tion f € C([—1, 1]), real- or complex-valued, can then be
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approximated in terms of a truncated expansion

P
f(X) ~ fP(-x) = ZasTs,p(x)v as = <fv T:v,p>pv
s=0

o<P<Lp-1 (6)

The restriction 0 < P < p— 1 comes from the fact that
fp—1 already accurately reproduces values on discrete points,
as f(Xpx) = fp—1(Xp1), and orthogonality relation fails for
higher polynomial degrees. This expansion converges for
piecewise continuous functions on [—1, 1], and a classi-
cal error bound is available [51]: if f(O),f(l), ...,f(””
are absolutely continuous and f? has bounded variation
V on [—1, 1], then for P > r the truncated series fp satis-
fies max(_; 17 1f(x) — fr(x)] < 2V/[mwr(P —r)"]. Hence the
expansion achieves an algebraic convergence rate O(P~")
for functions of sufficient smoothness, enabling approximate
QST using truncated series.

As the Pth Chebyshev polynomial is defined by the cosine
function and has P distinct zeros on the interval [—1, 1],
its corresponding length scale can be approximated as 2/P.
Therefore, for the truncated expansion fp(x) in Eq. (6), the
finest length scale can be approximated as 2/P.

The orthogonality extends naturally to multivariate func-
tions through the tensor product basis T}l, p(x1) - T}d, pa(Xa).
For f(xi,...,x4)on [—1, 14, the expansion has the form

Py

Py
f(-x11 .. 7xd) ~ Z e Zaﬂ,---,xdfs'],p[(xl)' te T;d,pd(-xd)a

51=0 s4=0
0<P<pi—1, (N
with expansion coefficients

sy, sg = <f’ T51~,171 te TSd»Pd>pl_4..,pd

pi—1 pa—1 )

= Z T Z f(XPI,kI’ T Xpdvkd)Tfl,m (Xpl,kl)
=0 k=0
e T%Pd (Xpd,kd)' )

While exact function reconstruction requires the coefficients
to match the number of grid points, smooth functions can be
approximated using low-order terms that capture the large-
scale behavior. The finest length scales for the dth direction
can be similarly approximated as 2/P;. This mathemati-
cal structure motivates our quantum approach, where we
efficiently extract expansion coefficients through quantum cir-
cuits to achieve approximate QST, thereby circumventing the
traditional exponential costs.

III. IMPLEMENTATION OF QST-CP
A. QST-CP for single-variable functions

For single-variable functions, the quantum state in Eq. (1)
simplifies to ) = Zi:ol f(xx)]k), where n is the number of
qubits, k labels the computational basis states, and x; denote
uniformly spaced sampling points in [—1, 1]. To enable the
Chebyshev expansion, we introduce a variable substitution
X — Xon x, defining a new target function F (Xpn i) = f(xz).
The quantum state then becomes |¢) = i;l F (X p)lk).

ancilla [0) — H < S H T T

|0>®n U¢ 1 U¢

e

FIG. 2. Circuit for measuring inner product (¢|y), where U, and
U, are the preparation circuits for |¢) and |). The measurement
output switches between obtaining the real and imaginary parts of the
inner product controlled by removal or inclusion of S gate enclosed
by dashed line.

Note that if the original function f(x) is defined on a region
with length [y, then the Pth degree truncation of the Cheby-
shev expansion will provide a length scale of [p/P.

To measure |y), we introduce the normalized Chebyshev
polynomials encoded by

2"—1

Ten) = Y T (X ) 1). ©)

k=0

Thus the quantum state inner product equals the discrete poly-
nomial inner product (-, -),» with the following derivation:

-1 21
(Tonlr) =D Too Xor i )F Xani) = Y Tyn(Xn 0)F (X 1)
k=0 k=0
= (F, Ty ),

where the second equality follows from the real-valued nature
of T; 2:(-), allowing the expansion coefficients to be obtained
directly via quantum state inner product measurements.

We employ the Hadamard test [1] presented in Fig. 2 to
estimate this inner product. By removing or including the
phase gate S in Fig. 2, the circuit is able to measure the real
or imaginary part of the inner product, respectively. Given
state preparation unitaries |¢) = Uy|0) and |¢) = Uy, |0), we
obtain Prob(|0)) = (1 + Re(¢|¥))/2 without the S gate, and
Prob(]|0)) = (1 — Im(¢|y))/2 with the gate, where Prob(|0))
denotes the probability of obtaining output |0). This protocol
separates estimations of both real and imaginary components
of the inner product, extending QST-CP to general quantum
states with complex amplitudes.

We prepare the state |7} ,) using the Chebyshev polynomial
values

2k + 1)sm

T;(Xon 1) = cos T

(10)
at the Chebyshev nodes X, via Eq. (4), where the normal-
ization factor for 7;,: is omitted here. The corresponding
quantum circuit in Fig. 3 is inspired by the standard quantum
Fourier transform circuit [1]. The controlled-gate segment
generates the quantum state

21 -1
1 . .
V) =57 (Z N0y @ k) + Y M) ® |k)>.
k=0 k=0

To convert the relative phase between the |0) and |1)
components into a measurable amplitude difference in the
computational register, subsequent application of the P,, gate
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FIG. 3. Preparation circuit for |7;,) with n =3, 8 = sm /2", and ¢ = sm/2"+!. The |0)(0| operation on the end of ancilla qubit refers to

measuring the qubit so that the result is |0).

followed by a Hadamard gate to the ancilla qubit yields the state

2"—1

E : e*tka

k=0

on_

HP2¢|W 2,1/2 (

k=

2"—1
2n/2 (Z ( —ik6 + el(k9+2(p))|0 ® |k + Z (e—lk9

2"—1

2n/2

o

< 910y ® Zco

2n/2 2n+1

with substituting § = s7 /2" and ¢ = s7/2""!. By selecting
the |0) part of ancilla qubit, we reproduce the magnitude

1

0) ® k) + Y &4 @ k)

0

10y ® Z cos(k® + @)|k) + ¥ [1) @ Y _ sin(kf + @)[k)

2k 4+ 1)sm

)

2”1

RN ® Ik))

)

2k 4+ 1)sm
2n+1

2"—1

k=0
-1

oY sn

k=0

k) +e“11) ®

ot )
(

Substituting p = 2" into this equation yields

. . . 21 21
values specified in Eq. (10) up to an irrelevant global phase 2k + 1)sm .
factor ei}; ) a P & P Z cos? BT Z cos? (kO + @) = 2"\
The full circuit for the inner product measurement is pre- k=0 k=0
sented in Fig. 4. We now analyze the possibility of operation  Then we have
|0) (0| outputting |0), which is the success probability of state
reparation. First, Eqs. (4) and (5) establish -l -l
prep d Z sin? (kb + @) = 2" — Z cos?(kf + @) = 2"
k=0 k=0
21
. L Qk+ st p 2
<Z‘v, Ty)p — Ty(Xp,k)z — ZCOSZ 2— — 5 = Z COS (k@ + (ﬂ)
k=0 k=0 p k=0
ancilla |0) =—— H —;— S — (I} H —’7\—
ancilla |0) H —T ? L O— Py~ H [0){0]
|0) — g = P~ P_2
Uy
0) — H Py m Py
Ts,n

FIG. 4. The complete circuit for measuring the inner product (7 ,|v¥), where we take n = 2; U, is the preparation circuit for [y), and
T, , is the preparation circuit for the Chebyshev polynomial as shown in Fig. 3, with § = s7 /2" and ¢ = s /2"*!. The measurement output
alternates between obtaining the real and imaginary parts of the inner product, controlled by the removal or inclusion of the S gate enclosed by

the dashed lines.
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FIG. 5. Example of a circuit measuring the inner product between |) and |Tj, ,,,) ® |7y, n,), Where we take n; = n, = 2; Uy, is the
preparation circuit for |v), which is implemented on |0)®" ® |0)®"2. The part enclosed by the dashed blue box is the preparation circuit
of the multivariate polynomial basis |7}, ,,) ® |T,,.,), Which consists of two parallel preparation circuits as shown in Fig. 3.

This implies that the ancilla qubit used to prepare |75 ,) in
Fig. 3 has an equal probability of collapsing to either |0) or |1).
In the complete measurement circuit Fig. 4, the first ancilla
qubit similarly exhibits equal probability of |0) and |1) after
the initial Hadamard gate. Crucially, the |7 ,) state prepara-
tion only occurs in the |0) branch. Consequently, the |0)(0|
measurement yields |0) with Prob(]0)) = 1-0.5x0.5 = 0.75,
i.e., the overall success probability for preparing |7 ,,) is 75%.

Theoretically, the inner product measurement can be ex-
tended up to the (2" — 1)th-order polynomial, though this
is computationally expensive and typically unnecessary in
practice. To establish a stopping criterion for the mea-
surement, we leverage the algebraic identity Zf:ol lag)? =

i:ol lf ()ck)l2 = 1, where the first equality mirrors Parseval’s
theorem, and the second follows from the quantum state nor-

malization condition. We then define the partial sum

A=) lal’ <1 (11)

s=0

to quantify the fraction of the original function’s information
captured by the Chebyshev expansion up to order m. By
choosing a threshold value A, € (0, 1), we stop the measure-
ment procedure once A,, > A.. This provides a simple and
efficient stopping criterion, balancing efficiency and accuracy.
Note that for a function encoded by n qubits, the highest poly-
nomial order is 2" — 1, which corresponds to a lower bound of
2/(2" — 1) on the characteristic length scale. The length scale
of any truncated function cannot surpass this limit.

B. QST-CP for multivariable functions

For the multivariate case, we recall that {T}M,1 (x1)...

15, p,(xq)} forms an orthonormal system. The corresponding
quantum state admits the decomposition

2" —1 2Md —1

Z Z T on (Xom k)
k1=0 kq=0

Ty (Xora k) k1) ® -+ - ® [kg)

= |7}1,n1>®"'®|7}d,nd>‘ (12)

This factorization infers that a multivariate Chebyshev poly-
nomial can be prepared through parallel composition of
single-variable circuits, as illustrated in Fig. 5.

The partial sum in Eq. (11) can be generalized to multivari-
ate cases as

2

An= Y ags! (13)
0<s1+++sg<m
where the summation runs over multiindices (sy, ..., s,) with

total degree not surpassing m. This yields a stopping criterion
for multivariate measurements, where given a threshold A, €
(0, 1), we measure all inner products corresponding to mth-
order polynomials and stop upon A,, > A.. In other words, m
required is related to the stopping criterion by

p
m = arg max (Z |ch|2 < AC> + 1.
P s=0

(14)

C. Complexity analysis

We present a complexity analysis of QST-CP for measuring
d-variable functions encoded using n qubits. The preparation
circuit of |7 ,) in Fig. 3 has a depth of O(n), which is efficient.
The introduction of control qubits to the preparation circuit
Uy and T , in Fig. 4 adds extra circuit depth, with the amount
of increase depending on the specific form of the preparation
circuit for target state. Deep original circuits tend to introduce
deep overhead and affect actual implementation. This can be
alleviated by finding equivalent and shallower preparation cir-
cuits and searching for alternative inner product measurement
methods.

The measurement repetition count mainly depends on the
Chebyshev expansion order. For an mth-order expansion, the
required number of Chebyshev bases scales as O(m?/d!).
Furthermore, each basis preparation requires d extra measure-
ments, each succeeding with probability 3/4. Thus, each basis
demands O[(4/ 3)¢ /€] measurement repetitions, and the total
measurement count scales as O[(4m/ 3)? /(ed!)], where ¢ de-
notes the error tolerance of the expansion coefficients, relative
to their theoretical values. The polynomial degree m is related
to the stopping criterion A, by Eq. (14). The postprocessing
only involves summing all employed Chebyshev bases with
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TABLE I. The circuit depth, number of measuring repetitions,
and postprocessing complexity of QST-CP. Here, n denotes the qubit
count, m the truncated polynomial degree, d the number of variables,
and ¢ the measurement error tolerance.

Circuit depth ~ Repetition count  Postprocessing
Single variable O(n) O[4m/(3¢)] o(l)
Multi variable O(n) O[(4m/3) /(ed )] o@md/d!)

the complexity O(m¢/d!) for evaluating the magnitude of a
single quantum state.

We summarize the complexities for both single- and mul-
tivariable cases in Table I. The measurement repetition count
and postprocessing complexity are independent of qubit count
n. Meanwhile, the circuit depth is linear in n if the state
can be prepared by a shallow circuit. This is a significant
improvement over classical tomography methods requiring

a
@, '
target
0.15¢ <> &
—quantum
0.1} —theoretical
0.05¢f
5 \
= o]
-0.05
-0.1
-0.15
-0.2 +
-1 -0.5 0 0.5 1
x
(c)
0.3 T
o target
02F ~—quantum ﬁ}
—theoretical \
0.1
L. )
-0.1
-0.2
0 4
-0.3
-0.4 : : :
0 0.5 1 1.5 2

X

exponential costs. However, the complexity of QST-CP is
highly dependent on the polynomial degree m. By controlling
m, we can keep the overall expense manageable.

Note that various quantum errors, such as the quantum
noise, quantum gate error, and finite decoherence time, can
cause deviations in the measurement of expansion coeffi-
cients, which affects the reconstruction of the target function.
This problem can be mitigated by advancements in quantum
hardware, such as stronger noise resilience or higher quantum
gate fidelities, or through algorithms such as quantum error
correction codes.

IV. RESULTS
A. QST-CP of analytic functions

We evaluate QST-CP by applying it to various functions
encoded in quantum states. QISKIT [52] is used to simulate the
entire workflow including circuit execution and measurement
on a classical computer, where the preparation circuits were

(b)

X quantum
Q q

08T O theoretical ]

0.6f

04r1

021

04}

-0.6

(d)

0.48

X

K quantum Q
| oQ

0.32 } O theoretica
0.16 o

568 ®
O % &

Qs

-0.16

-0.32 ¢ ® Q 9 .
e}
-0.48

-0.64¢1

FIG. 6. Simulation results of the QST-CP method for measuring one-dimensional functions encoded with six qubits. Panels (a) and (b) show
the single-mode function f(x) = sin(;rx), while (c) and (d) show multimode function f(x) = log(x + 1) sin(5¢*). Panels (a) and (c) present
the comparison among the target function, the quantum result, and the theoretical result of the expansion with the same degree of polynomials,
with quantum fidelity 97.74% and 90.11% for the single- and multimode cases, respectively. Panels (b) and (d) present comparison between
the expansion coefficients a, acquired by the quantum method and theoretical calculation.
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®

on =

FIG. 7. Approximate tomography result of function f(x) = x> 4 sin(10x) on [—1, 1] encoded with n = 6, 8, and 10 qubits. (a) Comparison
between target function and results with different n. For clear demonstration, the function values for n = 6 and 8§ are normalized to collapse
with n = 10 curve. The quantum fidelities are 95.56%, 94.01%, and 93.99% for these three cases. (b) The trend of A,, for different n. The

measurement ends at m = 7 for all three cases.

implemented using its StatePreparation function. In all
reported results, we performed 500 measurement repetitions
for each expansion coefficients.

Results for measuring a single-mode function f(x)=
sinx and a multimode function f(x) = log(x + 1) sin(5¢*)
with varying amplitudes, encoded using six qubits, are pre-
sented in Fig. 6. Note that all function values are normalized in
the implementation to satisfy the normalization condition of a
quantum state. The measurement accuracy is quantified by the
quantum fidelity |(f;|f,,)|*> between the target function state
| fy) and the measurement result state |f,,), which is defined
discretely. The single- and multimode cases in Figs. 6(a) and
6(c), with manageable expansion orders m = 3 and m = 19,
yield quantum fidelities of 97.74% and 90.11%, respectively,
demonstrating that the method captures key features of ana-
Iytic functions.

Figures 6(b) and 6(d) provide a more detailed comparison
for each expansion coefficients. Most measured coefficients
are close to their theoretical values calculated from Eq. (6),
while some exhibit noticeable deviations, likely due to the
limited 500 shots used for each coefficient. Nevertheless,
the summed results still remain in good agreement with the
theoretical expansion, demonstrating that QST-CP is reason-
ably robust against measurement-induced sampling errors, a
desirable property for practical implementations on quantum
hardware.

We further examine the dependence of QST-CP on the
number of qubits by considering three quantum states with
n =06, 8, and 10, all encoding the same function f(x) =
x% + sin(10x). Applying QST-CP with A. = 0.85, the mea-
surement results in Fig. 7 show good agreement with the target
function, with quantum fidelity 95.56%, 94.01%, and 93.99%,
respectively. Furthermore, the growth trends of the partial
sum A, in Fig. 7(b) show that approximations with different
n all reach the threshold A, = 0.85 at the same polynomial
degree m = 7. Together with the observation in Table I that
the number of measurement repetitions is independent of n,

our approach avoids the classical exponential cost of QST for
quantum states encoding simple functions.

Note that the partial sum A, is calculated from mea-
surement results, where errors are inevitable, and its value
serves only as an estimation for the information fraction in
the Chebyshev expansion. Furthermore, A,, provides a good
enough approximation for inner product (f;|f;,), which allows
us to monitor the reconstructed function and avoid unneces-
sary measurement with threshold value A..

The relation between A,, and the inner product can be
established mathematically. For clarification, here we use A;
to denote the theoretical expansion coefficients as in Eq. (6),
and ay to denote the measurement results of corresponding
coefficients. These coefficients satisfy |a; — A;| < €, where
¢ is the error tolerance of quantum measurement. From the
orthogonality of Chebyshev polynomials, the inner product
between the target and reconstructed functions can be ex-
pressed as

We can then further derive the inequality

> (asl® = A%ay)

Am = (fil fud] = = lalla} — Al
s=0 s=0
= lalla, — Al < ) ¢layl
5= 5s=0
< (m+ 1)e max |ayl. (16)

s<m

This implies that A, provides an approximation for inner
product (f;|f,») whose actual value can fluctuate due to mea-
surement deviations. The partial sum is then used to monitor
the measurement progress and determine the stopping point.
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FIG. 8. Comparison between (a) a snapshot of the 2D DNS velocity field (arrows) and vorticity contour and (b) the corresponding quantum
measuring results on a 64 x 64 grid (corresponding to 12 qubits) with threshold A. = 0.5 and polynomial order m = 11. The quantum fidelity
is 78.42%. (c) Comparison of the energy spectra for the two velocity fields.

B. QST-CP of numerically simulated flow fields

We evaluate QST-CP on two-dimensional (2D) vortical
flows from numerical simulations, expressed as f(x,y) =
u,(x,y) + iuy(x,y) with velocity components u, and u,. The
flow field is generated by solving the 2D Navier-Stokes
(NS) equations for homogeneous isotropic turbulence using
a standard pseudo-spectral method, and the resulting data are
encoded into quantum states. As a representative case, we
analyze a 2D velocity field from direct numerical simula-

(a) 1 =

tion (DNS). The simulation is calculated by pseudospectral
method [53] on a [0, 27]% domain discretized with 10242 grid
points under periodic boundary conditions. The velocity field
exhibits a Taylor Reynolds number of Re; = 122.9. The field
is downsampled from 10242 to 642 uniform grid points, corre-
sponding to 12 qubits. Figures 8(a) and 8(b) compare the DNS
reference field with the quantum reconstruction, where the
vorticity magnitude is defined by w = du,/0x — du,/0y. With
the threshold parameter set to A, = 0.5, the measurement

-1
0 8w
(© 1 —_——
——
-1 —_——
0 8w

FIG. 9. Result of quantum measuring an x-y section of turbulent channel flow with 512x 128 uniform grid points (corresponding to 16
qubits). (a) Target flow field from DNS data. (b) Quantum measuring result with A, = 0.9, leading to m = 11. (c) Theoretical expansion result
at the same polynomial order. The quantum fidelity between quantum and theoretical results is 84.33%.
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FIG. 10. Result of quantum measuring a z-y section of turbulent channel flow with 512x 128 uniform grid points (corresponding to
16 qubits). Quantum results of three polynomial degrees m = 30, 60, and 90 are provided on the left column, with theoretical results on

the right column.

terminates at polynomial order m = 11. The reconstruction
reproduces the dominant large-scale vortex structures, which
is further supported by the agreement of the energy spectra
shown in Fig. 8(c), demonstrating the capability of the method
to recover the major features of complex flow fields.

To further assess the method, we consider a turbulent chan-
nel flow field from the Johns Hopkins Turbulence Database
[54], simulated in a domain of 87 x2x3m at a friction
Reynolds number of 1000. We extract x-y and z-y sections and
resample them onto 512x128 grid points, corresponding to
16 qubits, where x, y, and z denote the streamwise, wall-
normal, and spanwise directions, respectively. Figure 9(a)
shows the target x-y section at z = 1.5, while Figs. 9(b)
and 9(c) present the reconstructions, with Fig. 9(b) obtained
from the QST-CP procedure using a threshold of A, = 0.9 and
polynomial order m = 11, and Fig. 9(c) from the theoretical
expansion at the same order, highlighting the large-scale mode
of the target flow field. The quantum reconstruction with a
low polynomial degree attains a fidelity of 84.33% relative
to the theoretical result, effectively reproducing the dominant
streamwise flow and the strong boundary vortex sheet that
characterize the channel flow.

This property is further elaborated on in the case of
z-y section, where x = 4m and the target function is ex-
pressed as f(y, z) = u,(y, z) + iuy(y, z), as demonstrated in
Fig. 10. In the absence of the primary flow in the x di-
rection, the finer structures emerge as the dominant flow
features. We provide reconstruction results for different
polynomial degrees m = 30, 60, and 90, with quantum re-
sults on the left column and theoretical results on the
right. Increasing the polynomial degree progressively resolves
smaller-scale features and captures richer spectral content,
indicating that, by tuning the threshold value, QST-CP
offers flexible control over spatial resolution to accommodate
different application requirements. Lower A, values yield ef-
ficient approximate representations, whereas higher A, values

enable high-resolution reconstructions that capture detailed
flow characteristics.

V. CONCLUSION

We propose QST-CP, a spectral method for an approxi-
mate tomography of pure quantum states encoding continuous
functions, formulated in Eqs. (6) and (7). The advantage lies
in its scale-sensitive truncation, as Chebyshev modes provide
a scale interpretation and low-order terms capture large-scale
structures, allowing proper stopping that preserves dominant
features while reducing measurement overhead. By reformu-
lating tomography as an estimation of a set of expansion
coefficients via inner product between the target quantum
state and the Chebyshev bases, implemented using the circuits
in Figs. 2 and 3, and reconstructing a truncated series, the
QST-CP method achieves polynomial scaling in circuit depth,
with measurement repetitions and postprocessing indepen-
dent of qubit count. Furthermore, a stopping criterion based
on the cumulative coefficient energy in Eq. (11) establishes
the accuracy-efficiency trade-off and specifies a termination
rule.

We evaluate QST-CP from analytic functions to complex
flow fields. For analytic functions, the method yields accurate
reconstructions with modest expansion orders, regardless of
the numbers of qubits used in quantum state preparation.
This confirms that the quality of reconstruction remains sta-
ble as the qubit count increases, highlighting the method’s
scalability in addressing more complex systems. The com-
plexity analysis in Table I further reveals that the number of
measurement repetitions and complexity of post-processing
is independent of the qubit count, outperforming the
exponential scaling typical of classical QST. For more compli-
cated velocity fields, the method efficiently captures dominant
flow structures in both isotropic turbulence and channel-
flow sections with controlled expansion orders. Increasing the
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expansion order reveals finer-scale details, illustrating a bal-
ance between efficiency and accuracy for QST by adjusting
the truncation length of the polynomial series.

The QST-CP is tailored for extracting large-scale modes
from quantum states and partly addresses the output problem
by enabling rapid data readout for many quantum comput-
ing applications. Though various measurement errors such as
quantum noise, quantum gate errors, and finite decoherence
time can affect the accuracy of function reconstruction, the
algorithm can be applied without theoretical restrictions by
incorporating a control qubit and the appending polynomial
preparation circuit, where a shallow circuit depth ensures high
efficiency.

In future work, the development of more efficient circuits
for inner product measurement could reduce the reliance of
overall depth and control overhead on preparation of both
the target state and the polynomial basis, thereby facilitat-
ing practical deployment on quantum hardware. Integration
with quantum partial differential equation solvers, where the
spectral QST module is treated as a readout head for varia-
tional or block encoding solvers, could enable direct recovery
of coarse solutions in quantum computations. Moreover, ad-
vances in quantum hardware, such as higher gate fidelities or
better noise resilience, as well as quantum error correction
algorithms could improve the accuracy and stability of our
method.
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APPENDIX: GENERALIZATION OF QST-CP
TO DENSITY MATRIX

We discuss the theoretical possibility of generalizing our
QST-CP framework to density matrix. We recall that quantum

states {|7;,)|0 < s < 2" — 1} form an orthonormal Cheby-
shev basis of n-qubit quantum state. Any density matrix p
can be expressed under both the computational basis and the
Chebyshev basis as

2127 21271
=ZZ Prgl D)@l =D D pulTead(Tial,  (AD)
p=0 g=0 s=0 =0
where p,, and py; are the corresponding matrix
elements.

Equation (Al) is closely related to our QST-CP method
for functions of two variables. We consider the density matrix
elements in the computational basis as the function values at
discrete grid points. Accordingly, we define a target function
f(x1, x2) as in Eq. (1), which satisfies f (X p, Xon ) = 0pg-
Application of the Chebyshev expansion as in Eq. (7) to
f(x1, xp) yields

2"—-12"—1

f,x) = Z Z Pt T 20 (X)) T, 20 (32),

s=0 =0

(A2)

suggesting that it is feasible to approximately reconstruct the
full density matrix with less complexity by measurement of
low-order terms of py, which can be achieved by recently
developed techniques such as direct weak tomography and
direct strong tomography [55-57]. These results imply the
possibility of applying QST-CP framework to density matri-
ces.

However, it is still worth exploring whether this generaliza-
tion to density matrices can be utilized in practical problems,
as density matrices should follow hermitianity or positive
semi-definitiveness. Possible applications include quantum
state produced from preparation circuit with decoherent noise,
where it turns into a mixed state close to the original pure
state. If the effect of decoherence can be bounded mathemat-
ically, then it might be possible to extract original function
information from density matrices. Another application can
be established with a linear combination of unitaries, where
a mixed state with the form of p =), |fi){fi| is applied to
avoid the complexity of controlled rotation gates. In these sce-
narios, the mathematical constraints on the density matrices
are naturally satisfied.
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